
������� ������ � (������������, ������-2010)

1. � à ¢­®¡¥¤à¥­­®¬ âà¥ã£®«ì­¨ª¥ ABC ®á­®¢ ­¨¥ AC à ¢­® 1, ã£®« ABC

à ¢¥­ 2 arctg 1
2 . �®çª  D «¥¦¨â ­  áâ®à®­¥ BC â ª, çâ® ¯«®é ¤ì âà¥ã£®«ì­¨ª 

ABC ¢ç¥â¢¥à® ¡®«ìè¥ ¯«®é ¤¨ âà¥ã£®«ì­¨ª  ADC. � ©¤¨â¥ à ááâ®ï­¨¥ ®â
â®çª¨ D ¤® ¯àï¬®© AB ¨ à ¤¨ãá ®ªàã¦­®áâ¨, ®¯¨á ­­®© ®ª®«® âà¥ã£®«ì­¨ª 
ADC.

�â¢¥â: ρ = 3
2
√

5
, R =

√
265
32 .

�¥è¥­¨¥. �ãáâì E | ¯à®¥ªæ¨ï â®çª¨ D ­  ¯àï¬ãî AB. � ª ª ª S4ABC =

= AC·BC
2 sin ∠ACB,   S4ADC = AC·DC

2 sin ∠ACB, â® BC
DC =

S4ABC

S4ADC
= 4. �«¥¤®¢ -

â¥«ì­®, DC = BC
4 ¨ BD = 3BC

4 . �¬¥¥¬ BC = 1
2 sin arctg 1

2

=
√

5
2 . �®£¤  BD = 3

√
5

8 ¨
DE = BD sin ∠ABC = 3

√
5

4 · 2
5 = 3

2
√

5
| à ááâ®ï­¨¥ ®â â®çª¨ D ¤® ¯àï¬®© AB.

� «¥¥, ¯® â¥®à¥¬¥ ª®á¨­ãá®¢ ¨§ 4ADC ¯®«ãç ¥¬

AD2 = AC2 + DC2 − 2 · AC ·DC · cos ∠ACD = 1 + 5
64 −

√
5

4 · 1√
5

= 53
64 .

�«¥¤®¢ â¥«ì­®, à ¤¨ãá ®ªàã¦­®áâ¨, ®¯¨á ­­®© ®ª®«® âà¥ã£®«ì­¨ª  ADC, à ¢¥­

R = AD
2 sin∠ACD =

√
53

16 ·
√

5
2 =

√
265
32 .

2. �¥è¨â¥ ãà ¢­¥­¨¥
sin 3x cos 5x− sin 2x cos 6x

cos x
= 0.

�â¢¥â: πn, ±π
6 + πn, n ∈ Z.

�¥è¥­¨¥. � ª ª ª

sin 3x cos 5x = 1
2 (sin 8x− sin 2x) ,

sin 2x cos 6x = 1
2 (sin 8x− sin 4x) ,

â® ãà ¢­¥­¨¥ à ¢­®á¨«ì­®
sin 4x− sin 2x

2 cos x
=

sin x cos 3x

cos x
= 0.

� ª ª ª cos 3x = 4 cos3 x− 3 cos x, â® ¯®«ãç ¥¬

sin x
(
4 cos2 x− 3

)
= sin x (2 cos 2x− 1) = 0
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¯à¨ ãá«®¢¨¨ cos x 6= 0. �®£¤  «¨¡® sin x = 0 ¨ x = πn | à¥è¥­¨ï, «¨¡® cos 2x = 1
2

¨ x = ±π
6 + πn | à¥è¥­¨ï.

3. �¥è¨â¥ ­¥à ¢¥­áâ¢® √
18− x

2 + x
> −x.

�â¢¥â: x ∈ (−2, 18].
�¥è¥­¨¥. ���: x ∈ (−2, 18]. �á«¨ x ∈ (0, 18], â® «¥¢ ï ç áâì ­¥à ¢¥­áâ¢ 

­¥®âà¨æ â¥«ì­ ,   ¯à ¢ ï | ®âà¨æ â¥«ì­ . �«¥¤®¢ â¥«ì­®, íâ® à¥è¥­¨ï. �á-
«¨ ¦¥ x ∈ (−2, 0], â® ®¡¥ ç áâ¨ ­¥à ¢¥­áâ¢  ­¥®âà¨æ â¥«ì­ë. � íâ®¬ á«ãç ¥
­¥à ¢¥­áâ¢® à ¢­®á¨«ì­®

0 > x3 + 2x2 + x− 18 = (x− 2)(x2 + 4x + 9).

� ª ª ª x2 + 4x + 9 > 0 ¯à¨ ¢á¥å x, â® ¯®«ãç ¥¬ 0 > x − 2 | ¢¥à­® ¯à¨ ¢á¥å
x ∈ (−2, 0], â. ¥. íâ® à¥è¥­¨ï.

4. �¥è¨â¥ á¨áâ¥¬ã ãà ¢­¥­¨©




logx(y + 1) = 4 logx+2
√

y − 1,

logy−1(x + 2) = logx

(
x3

y + 1

)
.

�â¢¥â:
(

1+
√

17
2 , 7+

√
17

2

)
,
(

5+
√

17
2 , 3+

√
17

2

)
.

�¥è¥­¨¥. � ãçñâ®¬ ��� (x > 0, y > 1, x 6= 1, y 6= 2) á¨áâ¥¬  ¯à¥®¡à §ã¥âáï
à ¢­®á¨«ì­ë¬ ¯¥à¥å®¤®¬ ª ¢¨¤ã

{
uv = 2,

u + v = 3,

£¤¥ u = logx(y + 1), v = logy−1(x + 2). �âáî¤  «¨¡® u = 1, v = 2, «¨¡® u = 2,
v = 1.

� ¯¥à¢®¬ á«ãç ¥ ¨¬¥¥¬
{

y + 1 = x,

x + 2 = (y − 1)2.
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� «¥¥ y2 − 3y − 2 = 0, ®âªã¤  y = 3±√17
2 , x = 5±√17

2 . � ãçñâ®¬ ���, ¯®«ãç ¥¬
x = 5+

√
17

2 ¨ y = 3+
√

17
2 | ¢ ®â¢¥â.

�® ¢â®à®¬ á«ãç ¥ ¨¬¥¥¬
{

y + 1 = x2,

x + 2 = y − 1.

� «¥¥ x2 − x − 4 = 0, ®âªã¤  x = 1±√17
2 , y = 7±√17

2 . � ãçñâ®¬ ���, ¯®«ãç ¥¬
x = 1+

√
17

2 ¨ y = 7+
√

17
2 | ¢ ®â¢¥â.

5. � ©¤¨â¥ ¢á¥ §­ ç¥­¨ï ¯ à ¬¥âà  a, ¯à¨ ª®â®àëå á¨áâ¥¬  ãà ¢­¥­¨©




|x− 1|+ |x + 1| − 2y = 0,

x2 + y2 − 2ay + 2a = 1

¨¬¥¥â à®¢­® âà¨ à §«¨ç­ëå à¥è¥­¨ï.
�â¢¥â: a = 2 +

√
2.

�¥è¥­¨¥. �¥à¢®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

y =

{
1, |x| ≤ 1,

|x|, |x| > 1.

�â®à®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë ¯à¥®¡à §ã¥âáï ª ¢¨¤ã x2 + (y − a)2 = (a − 1)2 ¨
ï¢«ï¥âáï ãà ¢­¥­¨¥¬ ®ªàã¦­®áâ¨ á æ¥­âà®¬ ¢ â®çª¥ (0; a) ¨ à ¤¨ãá®¬ |a − 1|.
�â  ®ªàã¦­®áâì ¯à¨ «î¡®¬ §­ ç¥­¨¨ a ¯à®å®¤¨â ç¥à¥§ â®çªã A(0; 1) ¨ ª á ¥âáï
¯àï¬®© y = 1. �á«¨ a < 1, â® ®ªàã¦­®áâì «¥¦¨â ­¨¦¥ ¯àï¬®© y = 1, ¨ ¤ ­­ ï
á¨áâ¥¬  ¢ íâ®¬ á«ãç ¥ ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ (0; 1). �à¨ a = 1 ®ªàã¦­®áâì
¢ëà®¦¤ ¥âáï ¢ â®çªã A, â. ¥. ¢ íâ®¬ á«ãç ¥ á¨áâ¥¬  â®¦¥ ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥
à¥è¥­¨¥ (0; 1). �á«¨ ¦¥ a > 1, â® ®ªàã¦­®áâì à á¯®«®¦¥­  ¢ëè¥ ¯àï¬®© y = 1,
¨ á¨áâ¥¬  ªà®¬¥ à¥è¥­¨ï (0; 1) ¡ã¤¥â ¨¬¥âì ¥éñ ¤¢  à¥è¥­¨ï (á¨¬¬¥âà¨ç­ëå
®â­®á¨â¥«ì­® ¯àï¬®© x = 0) ¢ â®¬ á«ãç ¥, ª®£¤  ®ªàã¦­®áâì ª á ¥âáï ¯àï¬ëå
y = x ¨ y = −x. �â® ®§­ ç ¥â, çâ® á¨áâ¥¬ 

{
y = x,

x2 + (y − a)2 = (a− 1)2
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¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥, â. ¥. ãà ¢­¥­¨¥ x2 + (x − a)2 = (a − 1)2 ¨¬¥¥â
¥¤¨­áâ¢¥­­ë© ª®à¥­ì. �â® ãà ¢­¥­¨¥ ¬®¦­® § ¯¨á âì â ª 2x2 − 2ax + 2a− 1 =

= 0, ®âªã¤  D = 4a2 − 8(2a − 1) = 4(a2 − 4a + 2) = 0, â. ¥. a = 2 ±√2. � ª ª ª
a > 1, â® ¯®«ãç ¥¬ a = 2 +

√
2.

6. �á­®¢ ­¨¥¬ âà¥ã£®«ì­®© ¯¨à ¬¨¤ë SABC ï¢«ï¥âáï ¯à ¢¨«ì­ë© âà¥ã-
£®«ì­¨ª ABC á® áâ®à®­®© 8. �®ª®¢®¥ à¥¡à® SC ¯¥à¯¥­¤¨ªã«ïà­® ®á­®¢ ­¨î
¨ ¨¬¥¥â ¤«¨­ã 15. �ä¥à , æ¥­âà O ª®â®à®© «¥¦¨â ¢ ¯«®áª®áâ¨ SBC, ª á ¥â-
áï àñ¡¥à SA, AB ¨ AC ¢ â®çª å A1, B1 ¨ C1 á®®â¢¥âáâ¢¥­­®. � ©¤¨â¥ AA1,
à ááâ®ï­¨¥ ®â â®çª¨ O ¤® à¥¡à  BC, ¨ à ¤¨ãá áä¥àë.

�â¢¥â: AA1 = 6, ρ = 18
5 , R = 4

√
39

5 .
�¥è¥­¨¥. �¡®§­ ç¨¬ AB = 2b = 8, SC = h = 15. �ãáâì E ¨ K | ¯à®¥ªæ¨¨

â®çª¨ O ­  ¯àï¬ë¥ BC ¨ SC á®®â¢¥âáâ¢¥­­®. �ãáâì OE = x, OA1 = OB1 =

= OC1 = R | à ¤¨ãá áä¥àë. � ª ª ª OE | ¯¥à¯¥­¤¨ªã«ïà ª ¯«®áª®áâ¨ ABC,
  OB1 ⊥ AB, â® ¯® â¥®à¥¬¥ ® âàñå ¯¥à¯¥­¤¨ªã«ïà å ¯®«ãç ¥¬ B1E ⊥ AB.
�­ «®£¨ç­® C1E ⊥ AC. �§ à ¢¥­áâ¢  ¯àï¬®ã£®«ì­ëå âà¥ã£®«ì­¨ª®¢ OB1E ¨
OC1E á«¥¤ã¥â, çâ® B1E = C1E. �§ à ¢¥­áâ¢  ¯àï¬®ã£®«ì­ëå âà¥ã£®«ì­¨ª®¢
BB1E ¨ CC1E (â ª ª ª ∠B = ∠C = π

3 ) ¯®«ãç ¥¬, çâ® BE = CE = b = 4. �®£¤ 
B1B = b

2 = C1C, C1A = B1A = 3
2b, B1E = b

√
3

2 . �à®¬¥ â®£®, ¨§ à ¢¥­áâ¢ ®âà¥§ª®¢
ª á â¥«ì­ëå, ¯à®¢¥¤ñ­­ëå ª áä¥à¥ ¨§ â®çª¨ A, á«¥¤ã¥â, çâ® AA1 = AB1 = 3

2b =

= 6.
�«ï ­ å®¦¤¥­¨ï x ¨ R ¢ëà §¨¬ SO ¨§ âà¥ã£®«ì­¨ª®¢ SKO ¨ SOA1. � ª ª ª

OK = CE = b ¨ SK = h−x, â® SO2 = (h−x)2+b2 = OA2
1+SA2

1, £¤¥ OA2
1 = R2 =

= OE2 + B1E
2 = x2 + 3

4b
2, SA1 = SA − AA1 =

√
h2 + 4b2 − 3

2b. �«¥¤®¢ â¥«ì­®,
(h− x)2 + b2 = x2 + 3

4b
2 +

(√
h2 + 4b2 − 3

2b
)
, ®âªã¤  ¯®«ãç ¥¬

x2 + h2 − 2xh + b2 = x2 + 3
4b

2 + h2 + 4b2 + 9
4b

2 − 3b
√

h2 + 4b2,

â. ¥. x = 3b
2h

(√
h2 + 4b2 − 2b

)
= 12

30

(√
15 · 15 + 64− 8

)
= 2

5 (17− 8) = 18
5 . �®£¤ 

R =
√

x2 + 3
4b

2 =
√

18·18
25 + 3

4 · 16 = 4
√

39
5 .
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������� ������ � (������������, ������-2010)

1. � à ¢­®¡¥¤à¥­­®¬ âà¥ã£®«ì­¨ª¥ ABC ®á­®¢ ­¨¥ AC à ¢­® 1, ã£®« ABC

à ¢¥­ 2 arctg 1
3 . �®çª  D «¥¦¨â ­  áâ®à®­¥ BC â ª, çâ® ¯«®é ¤ì âà¥ã£®«ì­¨ª 

ABC ¢âà®¥ ¡®«ìè¥ ¯«®é ¤¨ âà¥ã£®«ì­¨ª  ADC. � ©¤¨â¥ à ááâ®ï­¨¥ ®â â®çª¨
D ¤® ¯àï¬®© AB ¨ à ¤¨ãá ®ªàã¦­®áâ¨, ®¯¨á ­­®© ®ª®«® âà¥ã£®«ì­¨ª  ADC.

�â¢¥â: ρ = 2√
10

, R =
√

85
18 .

�¥è¥­¨¥. �ãáâì E | ¯à®¥ªæ¨ï â®çª¨ D ­  ¯àï¬ãî AB. � ª ª ª S4ABC =

= AC·BC
2 sin ∠ACB,   S4ADC = AC·DC

2 sin ∠ACB, â® BC
DC =

S4ABC

S4ADC
= 3. �«¥¤®¢ -

â¥«ì­®, DC = BC
3 ¨ BD = 2BC

3 . �¬¥¥¬ BC = 1
2 sin arctg 1

3

=
√

10
2 . �®£¤  BD =

√
10
3 ¨

DE = BD sin ∠ABC =
√

10
3 · 3

5 = 2√
10

| à ááâ®ï­¨¥ ®â â®çª¨ D ¤® ¯àï¬®© AB.
� «¥¥, ¯® â¥®à¥¬¥ ª®á¨­ãá®¢ ¨§ 4ADC ¯®«ãç ¥¬

AD2 = AC2 + DC2 − 2 · AC ·DC · cos ∠ACD = 1 + 5
18 −

√
10
3 · 1√

10
= 17

18 .

�«¥¤®¢ â¥«ì­®, à ¤¨ãá ®ªàã¦­®áâ¨, ®¯¨á ­­®© ®ª®«® âà¥ã£®«ì­¨ª  ADC, à ¢¥­

R = AD
2 sin∠ACD =

√
17

6
√

2
·
√

10
3 =

√
85

18 .

2. �¥è¨â¥ ãà ¢­¥­¨¥
sin 5x cos 3x− sin 7x cos x

cos 2x + sin 2x
= 0.

�â¢¥â: πn
2 , π

8 + πn
2 , n ∈ Z.

�¥è¥­¨¥. � ª ª ª

sin 5x cos 3x = 1
2 (sin 8x + sin 2x) ,

sin 7x cos x = 1
2 (sin 8x + sin 6x) ,

â® ãà ¢­¥­¨¥ à ¢­®á¨«ì­®
sin 2x− sin 6x

2(cos 2x + sin 2x)
= − sin 2x cos 4x

cos 2x + sin 2x
= 0.

� ª ª ª cos 4x = (cos 2x− sin 2x)(cos 2x + sin 2x), â® ¯®«ãç ¥¬

sin 2x(cos 2x− sin 2x) = 0

5



¯à¨ ãá«®¢¨¨ cos 2x + sin 2x 6= 0. �á«¨ sin 2x = 0, â® x = πn
2 , ¯à¨çñ¬ cos 2x +

+ sin 2x = (−1)n 6= 0, â. ¥. íâ® à¥è¥­¨ï. �á«¨ cos 2x − sin 2x = 0, â® cos 2x 6= 0

¨ tg 2x = 1, â. ¥. x = π
8 + πn

2 . �à¨ íâ®¬ cos 2x + sin 2x = 2 cos 2x 6= 0, â. ¥. íâ®
à¥è¥­¨ï.

3. �¥è¨â¥ ­¥à ¢¥­áâ¢® √
x + 4

2− x
> x.

�â¢¥â: x ∈ [−4, 2).
�¥è¥­¨¥. ���: x ∈ [−4, 2). �á«¨ x ∈ [−4, 0), â® «¥¢ ï ç áâì ­¥à ¢¥­áâ¢  ­¥-

®âà¨æ â¥«ì­ ,   ¯à ¢ ï | ®âà¨æ â¥«ì­ . �«¥¤®¢ â¥«ì­®, íâ® à¥è¥­¨ï. �á«¨ ¦¥
x ∈ [0, 2), â® ®¡¥ ç áâ¨ ­¥à ¢¥­áâ¢  ­¥®âà¨æ â¥«ì­ë. � íâ®¬ á«ãç ¥ ­¥à ¢¥­áâ¢®
à ¢­®á¨«ì­®

0 < x3 − 2x2 + x + 4 = (x + 1)(x2 − 3x + 4).

� ª ª ª x2 − 3x + 4 > 0 ¯à¨ ¢á¥å x, â® ¯®«ãç ¥¬ 0 < x + 1 | ¢¥à­® ¯à¨ ¢á¥å
x ∈ [0, 2), â. ¥. íâ® à¥è¥­¨ï.

4. �¥è¨â¥ á¨áâ¥¬ã ãà ¢­¥­¨©




log2y−1
√

x + 2 = log2y+1 x,

logx

(
x3

2y + 1

)
= log2y−1(x + 2).

�â¢¥â:
(

1+
√

17
2 , 7+

√
17

4

)
,
(

5+
√

17
2 , 3+

√
17

4

)
.

�¥è¥­¨¥. � ãçñâ®¬ ��� (x > 0, y > 1
2 , x 6= 1, y 6= 1) á¨áâ¥¬  ¯à¥®¡à §ã¥âáï

à ¢­®á¨«ì­ë¬ ¯¥à¥å®¤®¬ ª ¢¨¤ã
{

uv = 2,

u + v = 3,

£¤¥ u = logx(2y + 1), v = log2y−1(x + 2). �âáî¤  «¨¡® u = 1, v = 2, «¨¡® u = 2,
v = 1.

� ¯¥à¢®¬ á«ãç ¥ ¨¬¥¥¬
{

2y + 1 = x,

x + 2 = (2y − 1)2.

6



� «¥¥ 2y2 − 3y − 1 = 0, ®âªã¤  y = 3±√17
4 , x = 5±√17

2 . � ãçñâ®¬ ���, ¯®«ãç ¥¬
x = 5+

√
17

2 ¨ y = 3+
√

17
4 | ¢ ®â¢¥â.

�® ¢â®à®¬ á«ãç ¥ ¨¬¥¥¬
{

2y + 1 = x2,

x + 2 = 2y − 1.

� «¥¥ x2 − x − 4 = 0, ®âªã¤  x = 1±√17
2 , y = 7±√17

4 . � ãçñâ®¬ ���, ¯®«ãç ¥¬
x = 1+

√
17

2 ¨ y = 7+
√

17
4 | ¢ ®â¢¥â.

5. � ©¤¨â¥ ¢á¥ §­ ç¥­¨ï ¯ à ¬¥âà  a, ¯à¨ ª®â®àëå á¨áâ¥¬  ãà ¢­¥­¨©



|x|+ |x− 2| − 2y = 0,

x2 − 2x + y2 − 2ay = −2a

¨¬¥¥â à®¢­® âà¨ à §«¨ç­ëå à¥è¥­¨ï.
�â¢¥â: a = 2 +

√
2.

�¥è¥­¨¥. �¥à¢®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

y =





1, 0 ≤ x ≤ 2,

1− x, x < 0,

x− 1, x > 2.

�â®à®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë ¯à¥®¡à §ã¥âáï ª ¢¨¤ã (x − 1)2 + (y − a)2 = (a − 1)2

¨ ï¢«ï¥âáï ãà ¢­¥­¨¥¬ ®ªàã¦­®áâ¨ á æ¥­âà®¬ ¢ â®çª¥ (1; a) ¨ à ¤¨ãá®¬ |a− 1|.
�â  ®ªàã¦­®áâì ¯à¨ «î¡®¬ §­ ç¥­¨¨ a ¯à®å®¤¨â ç¥à¥§ â®çªã A(1; 1) ¨ ª á ¥âáï
¯àï¬®© y = 1. �á«¨ a < 1, â® ®ªàã¦­®áâì «¥¦¨â ­¨¦¥ ¯àï¬®© y = 1, ¨ ¤ ­­ ï
á¨áâ¥¬  ¢ íâ®¬ á«ãç ¥ ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ (1; 1). �à¨ a = 1 ®ªàã¦­®áâì
¢ëà®¦¤ ¥âáï ¢ â®çªã A, â. ¥. ¢ íâ®¬ á«ãç ¥ á¨áâ¥¬  â®¦¥ ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥
à¥è¥­¨¥ (1; 1). �á«¨ ¦¥ a > 1, â® ®ªàã¦­®áâì à á¯®«®¦¥­  ¢ëè¥ ¯àï¬®© y = 1,
¨ á¨áâ¥¬  ªà®¬¥ à¥è¥­¨ï (1; 1) ¡ã¤¥â ¨¬¥âì ¥éñ ¤¢  à¥è¥­¨ï (á¨¬¬¥âà¨ç­ëå
®â­®á¨â¥«ì­® ¯àï¬®© x = 1) ¢ â®¬ á«ãç ¥, ª®£¤  ®ªàã¦­®áâì ª á ¥âáï ¯àï¬ëå
y = x− 1 ¨ y = 1− x. �â® ®§­ ç ¥â, çâ® á¨áâ¥¬ 

{
y = x− 1,

(x− 1)2 + (y − a)2 = (a− 1)2

7



¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥, â. ¥. ãà ¢­¥­¨¥ (x−1)2+(x−1−a)2 = (a−1)2 ¨¬¥¥â
¥¤¨­áâ¢¥­­ë© ª®à¥­ì. �â® ãà ¢­¥­¨¥ ¬®¦­® § ¯¨á âì â ª 2(x−1)2−2a(x−1)+

+ 2a− 1 = 0, ®âªã¤  D = 4a2 − 8(2a− 1) = 4(a2 − 4a + 2) = 0, â. ¥. a = 2±√2.
� ª ª ª a > 1, â® ¯®«ãç ¥¬ a = 2 +

√
2.

6. �á­®¢ ­¨¥¬ âà¥ã£®«ì­®© ¯¨à ¬¨¤ë SABC ï¢«ï¥âáï ¯à ¢¨«ì­ë© âà¥ã-
£®«ì­¨ª ABC á® áâ®à®­®© 5. �®ª®¢®¥ à¥¡à® SC ¯¥à¯¥­¤¨ªã«ïà­® ®á­®¢ ­¨î
¨ ¨¬¥¥â ¤«¨­ã 12. �ä¥à , æ¥­âà O ª®â®à®© «¥¦¨â ¢ ¯«®áª®áâ¨ SBC, ª á ¥â-
áï àñ¡¥à SA, AB ¨ AC ¢ â®çª å A1, B1 ¨ C1 á®®â¢¥âáâ¢¥­­®. � ©¤¨â¥ AA1,
à ááâ®ï­¨¥ ®â â®çª¨ O ¤® à¥¡à  BC, ¨ à ¤¨ãá áä¥àë.

�â¢¥â: AA1 = 15
4 , ρ = 5

2 , R = 5
√

7
4 .

�¥è¥­¨¥. �¡®§­ ç¨¬ AB = 2b = 5, SC = h = 12. �ãáâì E ¨ K | ¯à®¥ªæ¨¨
â®çª¨ O ­  ¯àï¬ë¥ BC ¨ SC á®®â¢¥âáâ¢¥­­®. �ãáâì OE = x, OA1 = OB1 =

= OC1 = R | à ¤¨ãá áä¥àë. � ª ª ª OE | ¯¥à¯¥­¤¨ªã«ïà ª ¯«®áª®áâ¨ ABC,
  OB1 ⊥ AB, â® ¯® â¥®à¥¬¥ ® âàñå ¯¥à¯¥­¤¨ªã«ïà å ¯®«ãç ¥¬ B1E ⊥ AB.
�­ «®£¨ç­® C1E ⊥ AC. �§ à ¢¥­áâ¢  ¯àï¬®ã£®«ì­ëå âà¥ã£®«ì­¨ª®¢ OB1E ¨
OC1E á«¥¤ã¥â, çâ® B1E = C1E. �§ à ¢¥­áâ¢  ¯àï¬®ã£®«ì­ëå âà¥ã£®«ì­¨ª®¢
BB1E ¨ CC1E (â ª ª ª ∠B = ∠C = π

3 ) ¯®«ãç ¥¬, çâ® BE = CE = b = 5
2 . �®£¤ 

B1B = b
2 = C1C, C1A = B1A = 3

2b, B1E = b
√

3
2 . �à®¬¥ â®£®, ¨§ à ¢¥­áâ¢ ®âà¥§ª®¢

ª á â¥«ì­ëå, ¯à®¢¥¤ñ­­ëå ª áä¥à¥ ¨§ â®çª¨ A, á«¥¤ã¥â, çâ® AA1 = AB1 = 3
2b =

= 15
4 .
�«ï ­ å®¦¤¥­¨ï x ¨ R ¢ëà §¨¬ SO ¨§ âà¥ã£®«ì­¨ª®¢ SKO ¨ SOA1. � ª ª ª

OK = CE = b ¨ SK = h−x, â® SO2 = (h−x)2+b2 = OA2
1+SA2

1, £¤¥ OA2
1 = R2 =

= OE2 + B1E
2 = x2 + 3

4b
2, SA1 = SA − AA1 =

√
h2 + 4b2 − 3

2b. �«¥¤®¢ â¥«ì­®,
(h− x)2 + b2 = x2 + 3

4b
2 +

(√
h2 + 4b2 − 3

2b
)
, ®âªã¤  ¯®«ãç ¥¬

x2 + h2 − 2xh + b2 = x2 + 3
4b

2 + h2 + 4b2 + 9
4b

2 − 3b
√

h2 + 4b2,

â. ¥. x = 3b
2h

(√
h2 + 4b2 − 2b

)
= 15

48

(√
12 · 12 + 25− 5

)
= 5

16 (13− 5) = 5
2 . �®£¤ 

R =
√

x2 + 3
4b

2 =
√

25
4 + 3

4 · 25
4 = 5

√
7

4 .
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������� ������ � (������������, ������-2010)

1. � à ¢­®¡¥¤à¥­­®¬ âà¥ã£®«ì­¨ª¥ ABC ®á­®¢ ­¨¥ AC à ¢­® 1, ã£®« ABC

à ¢¥­ 2 arctg 1
3 . �®çª  D «¥¦¨â ­  áâ®à®­¥ BC â ª, çâ® ¯«®é ¤ì âà¥ã£®«ì­¨ª 

ABC ¢ç¥â¢¥à® ¡®«ìè¥ ¯«®é ¤¨ âà¥ã£®«ì­¨ª  ADC. � ©¤¨â¥ à ááâ®ï­¨¥ ®â
â®çª¨ D ¤® ¯àï¬®© AB ¨ à ¤¨ãá ®ªàã¦­®áâ¨, ®¯¨á ­­®© ®ª®«® âà¥ã£®«ì­¨ª 
ADC.

�â¢¥â: ρ = 9
4
√

10
, R =

√
145
24 .

�¥è¥­¨¥. �ãáâì E | ¯à®¥ªæ¨ï â®çª¨ D ­  ¯àï¬ãî AB. � ª ª ª S4ABC =

= AC·BC
2 sin ∠ACB,   S4ADC = AC·DC

2 sin ∠ACB, â® BC
DC =

S4ABC

S4ADC
= 4. �«¥¤®¢ -

â¥«ì­®, DC = BC
4 ¨ BD = 3BC

4 . �¬¥¥¬ BC = 1
2 sin arctg 1

3

=
√

10
2 . �®£¤  BD = 3

√
10

8

¨ DE = BD sin ∠ABC = 3
√

10
4 · 3

10 = 9
4
√

10
| à ááâ®ï­¨¥ ®â â®çª¨ D ¤® ¯àï¬®©

AB. � «¥¥, ¯® â¥®à¥¬¥ ª®á¨­ãá®¢ ¨§ 4ADC ¯®«ãç ¥¬

AD2 = AC2 + DC2 − 2 · AC ·DC · cos ∠ACD = 1 + 5
32 −

√
10
4 · 1√

10
= 29

32 .

�«¥¤®¢ â¥«ì­®, à ¤¨ãá ®ªàã¦­®áâ¨, ®¯¨á ­­®© ®ª®«® âà¥ã£®«ì­¨ª  ADC, à ¢¥­

R = AD
2 sin∠ACD =

√
29

8
√

2
·
√

10
3 =

√
145
24 .

2. �¥è¨â¥ ãà ¢­¥­¨¥
sin 2x cos 10x− sin 4x cos 8x

cos 2x
= 0.

�â¢¥â: πn
2 , ± π

12 + πn
2 , n ∈ Z.

�¥è¥­¨¥. � ª ª ª

sin 2x cos 10x = 1
2 (sin 12x− sin 8x) ,

sin 4x cos 8x = 1
2 (sin 12x− sin 4x) ,

â® ãà ¢­¥­¨¥ à ¢­®á¨«ì­®
sin 4x− sin 8x

2 cos 2x
= −sin 2x cos 6x

cos 2x
= 0.

� ª ª ª cos 6x = 4 cos3 2x− 3 cos 2x, â® ¯®«ãç ¥¬

sin 2x(4 cos2 2x− 3) = sin 2x(2 cos 4x− 1) = 0

9



¯à¨ ãá«®¢¨¨ cos 2x 6= 0. �®£¤  «¨¡® sin 2x = 0 ¨ x = πn
2 | à¥è¥­¨ï, «¨¡® cos 4x =

= 1
2 ¨ x = ± π

12 + πn
2 | à¥è¥­¨ï.

3. �¥è¨â¥ ­¥à ¢¥­áâ¢® √
3− x

1 + x
> −x.

�â¢¥â: x ∈ (−1, 3].
�¥è¥­¨¥. ���: x ∈ (−1, 3]. �á«¨ x ∈ (0, 3], â® «¥¢ ï ç áâì ­¥à ¢¥­áâ¢  ­¥®â-

à¨æ â¥«ì­ ,   ¯à ¢ ï | ®âà¨æ â¥«ì­ . �«¥¤®¢ â¥«ì­®, íâ® à¥è¥­¨ï. �á«¨ ¦¥
x ∈ (−1, 0], â® ®¡¥ ç áâ¨ ­¥à ¢¥­áâ¢  ­¥®âà¨æ â¥«ì­ë. � íâ®¬ á«ãç ¥ ­¥à ¢¥­áâ-
¢® à ¢­®á¨«ì­®

0 > x3 + x2 + x− 3 = (x− 1)(x2 + 2x + 3).

� ª ª ª x2 + 2x + 3 > 0 ¯à¨ ¢á¥å x, â® ¯®«ãç ¥¬ 0 > x − 1 | ¢¥à­® ¯à¨ ¢á¥å
x ∈ (−1, 0], â. ¥. íâ® à¥è¥­¨ï.

4. �¥è¨â¥ á¨áâ¥¬ã ãà ¢­¥­¨©




logy(x + 1) = logy+2(x− 1)2,

logx−1(y + 2) = logy

(
y3

x + 1

)
.

�â¢¥â:
(

7+
√

17
2 , 1+

√
17

2

)
,
(

3+
√

17
2 , 5+

√
17

2

)
.

�¥è¥­¨¥. � ãçñâ®¬ ��� (y > 0, x > 1, y 6= 1, x 6= 2) á¨áâ¥¬  ¯à¥®¡à §ã¥âáï
à ¢­®á¨«ì­ë¬ ¯¥à¥å®¤®¬ ª ¢¨¤ã

{
uv = 2,

u + v = 3,

£¤¥ u = logy(x + 1), v = logx−1(y + 2). �âáî¤  «¨¡® u = 1, v = 2, «¨¡® u = 2,
v = 1.

� ¯¥à¢®¬ á«ãç ¥ ¨¬¥¥¬
{

x + 1 = y,

y + 2 = (x− 1)2.
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� «¥¥ x2 − 3x − 2 = 0, ®âªã¤  x = 3±√17
2 , y = 5±√17

2 . � ãçñâ®¬ ���, ¯®«ãç ¥¬
x = 3+

√
17

2 ¨ y = 5+
√

17
2 | ¢ ®â¢¥â.

�® ¢â®à®¬ á«ãç ¥ ¨¬¥¥¬
{

x + 1 = y2,

y + 2 = x− 1.

� «¥¥ y2 − y − 4 = 0, ®âªã¤  y = 1±√17
2 , x = 7±√17

2 . � ãçñâ®¬ ���, ¯®«ãç ¥¬
x = 7+

√
17

2 ¨ y = 1+
√

17
2 | ¢ ®â¢¥â.

5. � ©¤¨â¥ ¢á¥ §­ ç¥­¨ï ¯ à ¬¥âà  a, ¯à¨ ª®â®àëå á¨áâ¥¬  ãà ¢­¥­¨©



|x− 1|+ |x− 3| − 2y = 0,

x2 − 4x + y2 − 2ay + 2a = −3

¨¬¥¥â à®¢­® âà¨ à §«¨ç­ëå à¥è¥­¨ï.
�â¢¥â: a = 2 +

√
2.

�¥è¥­¨¥. �¥à¢®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

y =





1, 1 ≤ x ≤ 3,

2− x, x < 1,

x− 2, x > 3.

�â®à®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë ¯à¥®¡à §ã¥âáï ª ¢¨¤ã (x − 2)2 + (y − a)2 = (a − 1)2

¨ ï¢«ï¥âáï ãà ¢­¥­¨¥¬ ®ªàã¦­®áâ¨ á æ¥­âà®¬ ¢ â®çª¥ (2; a) ¨ à ¤¨ãá®¬ |a− 1|.
�â  ®ªàã¦­®áâì ¯à¨ «î¡®¬ §­ ç¥­¨¨ a ¯à®å®¤¨â ç¥à¥§ â®çªã A(2; 1) ¨ ª á ¥âáï
¯àï¬®© y = 1. �á«¨ a < 1, â® ®ªàã¦­®áâì «¥¦¨â ­¨¦¥ ¯àï¬®© y = 1, ¨ ¤ ­­ ï
á¨áâ¥¬  ¢ íâ®¬ á«ãç ¥ ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ (2; 1). �à¨ a = 1 ®ªàã¦­®áâì
¢ëà®¦¤ ¥âáï ¢ â®çªã A, â. ¥. ¢ íâ®¬ á«ãç ¥ á¨áâ¥¬  â®¦¥ ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥
à¥è¥­¨¥ (2; 1). �á«¨ ¦¥ a > 1, â® ®ªàã¦­®áâì à á¯®«®¦¥­  ¢ëè¥ ¯àï¬®© y = 1,
¨ á¨áâ¥¬  ªà®¬¥ à¥è¥­¨ï (2; 1) ¡ã¤¥â ¨¬¥âì ¥éñ ¤¢  à¥è¥­¨ï (á¨¬¬¥âà¨ç­ëå
®â­®á¨â¥«ì­® ¯àï¬®© x = 2) ¢ â®¬ á«ãç ¥, ª®£¤  ®ªàã¦­®áâì ª á ¥âáï ¯àï¬ëå
y = x− 2 ¨ y = 2− x. �â® ®§­ ç ¥â, çâ® á¨áâ¥¬ 

{
y = x− 2,

(x− 2)2 + (y − a)2 = (a− 1)2
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¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥, â. ¥. ãà ¢­¥­¨¥ (x−2)2+(x−2−a)2 = (a−1)2 ¨¬¥¥â
¥¤¨­áâ¢¥­­ë© ª®à¥­ì. �â® ãà ¢­¥­¨¥ ¬®¦­® § ¯¨á âì â ª 2(x−2)2−2a(x−2)+

+ 2a− 1 = 0, ®âªã¤  D = 4a2 − 8(2a− 1) = 4(a2 − 4a + 2) = 0, â. ¥. a = 2±√2.
� ª ª ª a > 1, â® ¯®«ãç ¥¬ a = 2 +

√
2.

6. �á­®¢ ­¨¥¬ âà¥ã£®«ì­®© ¯¨à ¬¨¤ë SABC ï¢«ï¥âáï ¯à ¢¨«ì­ë© âà¥ã-
£®«ì­¨ª ABC á® áâ®à®­®© 16. �®ª®¢®¥ à¥¡à® SC ¯¥à¯¥­¤¨ªã«ïà­® ®á­®¢ ­¨î
¨ ¨¬¥¥â ¤«¨­ã 30. �ä¥à , æ¥­âà O ª®â®à®© «¥¦¨â ¢ ¯«®áª®áâ¨ SBC, ª á ¥â-
áï àñ¡¥à SA, AB ¨ AC ¢ â®çª å A1, B1 ¨ C1 á®®â¢¥âáâ¢¥­­®. � ©¤¨â¥ AA1,
à ááâ®ï­¨¥ ®â â®çª¨ O ¤® à¥¡à  BC, ¨ à ¤¨ãá áä¥àë.

�â¢¥â: AA1 = 12, ρ = 36
5 , R = 8

√
39

5 .
�¥è¥­¨¥. �¡®§­ ç¨¬ AB = 2b = 16, SC = h = 30. �ãáâì E ¨ K | ¯à®¥ªæ¨¨

â®çª¨ O ­  ¯àï¬ë¥ BC ¨ SC á®®â¢¥âáâ¢¥­­®. �ãáâì OE = x, OA1 = OB1 =

= OC1 = R | à ¤¨ãá áä¥àë. � ª ª ª OE | ¯¥à¯¥­¤¨ªã«ïà ª ¯«®áª®áâ¨ ABC,
  OB1 ⊥ AB, â® ¯® â¥®à¥¬¥ ® âàñå ¯¥à¯¥­¤¨ªã«ïà å ¯®«ãç ¥¬ B1E ⊥ AB.
�­ «®£¨ç­® C1E ⊥ AC. �§ à ¢¥­áâ¢  ¯àï¬®ã£®«ì­ëå âà¥ã£®«ì­¨ª®¢ OB1E ¨
OC1E á«¥¤ã¥â, çâ® B1E = C1E. �§ à ¢¥­áâ¢  ¯àï¬®ã£®«ì­ëå âà¥ã£®«ì­¨ª®¢
BB1E ¨ CC1E (â ª ª ª ∠B = ∠C = π

3 ) ¯®«ãç ¥¬, çâ® BE = CE = b = 8. �®£¤ 
B1B = b

2 = C1C, C1A = B1A = 3
2b, B1E = b

√
3

2 . �à®¬¥ â®£®, ¨§ à ¢¥­áâ¢ ®âà¥§ª®¢
ª á â¥«ì­ëå, ¯à®¢¥¤ñ­­ëå ª áä¥à¥ ¨§ â®çª¨ A, á«¥¤ã¥â, çâ® AA1 = AB1 = 3

2b =

= 12.
�«ï ­ å®¦¤¥­¨ï x ¨ R ¢ëà §¨¬ SO ¨§ âà¥ã£®«ì­¨ª®¢ SKO ¨ SOA1. � ª ª ª

OK = CE = b ¨ SK = h−x, â® SO2 = (h−x)2+b2 = OA2
1+SA2

1, £¤¥ OA2
1 = R2 =

= OE2 + B1E
2 = x2 + 3

4b
2, SA1 = SA − AA1 =

√
h2 + 4b2 − 3

2b. �«¥¤®¢ â¥«ì­®,
(h− x)2 + b2 = x2 + 3

4b
2 +

(√
h2 + 4b2 − 3

2b
)
, ®âªã¤  ¯®«ãç ¥¬

x2 + h2 − 2xh + b2 = x2 + 3
4b

2 + h2 + 4b2 + 9
4b

2 − 3b
√

h2 + 4b2,

â. ¥. x = 3b
2h

(√
h2 + 4b2 − 2b

)
= 24

60

(√
30 · 30 + 4 · 64− 16

)
= 2

5 (2 · 17− 16) = 36
5 .

�®£¤  R =
√

x2 + 3
4b

2 =
√

36·36
25 + 3

4 · 64 = 4
5

√
81 + 75 = 8

√
39

5 .
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������� ������ � (������������, ������-2010)

1. � à ¢­®¡¥¤à¥­­®¬ âà¥ã£®«ì­¨ª¥ ABC ®á­®¢ ­¨¥ AC à ¢­® 1, ã£®« ABC

à ¢¥­ 2 arctg 1
4 . �®çª  D «¥¦¨â ­  áâ®à®­¥ BC â ª, çâ® ¯«®é ¤ì âà¥ã£®«ì­¨ª 

ABC ¢âà®¥ ¡®«ìè¥ ¯«®é ¤¨ âà¥ã£®«ì­¨ª  ADC. � ©¤¨â¥ à ááâ®ï­¨¥ ®â â®çª¨
D ¤® ¯àï¬®© AB ¨ à ¤¨ãá ®ªàã¦­®áâ¨, ®¯¨á ­­®© ®ª®«® âà¥ã£®«ì­¨ª  ADC.

�â¢¥â: ρ = 8
3
√

17
, R =

√
697
48 .

�¥è¥­¨¥. �ãáâì E | ¯à®¥ªæ¨ï â®çª¨ D ­  ¯àï¬ãî AB. � ª ª ª S4ABC =

= AC·BC
2 sin ∠ACB,   S4ADC = AC·DC

2 sin ∠ACB, â® BC
DC =

S4ABC

S4ADC
= 3. �«¥¤®¢ -

â¥«ì­®, DC = BC
3 ¨ BD = 2BC

3 . �¬¥¥¬ BC = 1
2 sin arctg 1

4

=
√

17
2 . �®£¤  BD =

√
17
3 ¨

DE = BD sin ∠ABC =
√

17
3 · 8

17 = 8
3
√

17
| à ááâ®ï­¨¥ ®â â®çª¨ D ¤® ¯àï¬®© AB.

� «¥¥, ¯® â¥®à¥¬¥ ª®á¨­ãá®¢ ¨§ 4ADC ¯®«ãç ¥¬

AD2 = AC2 + DC2 − 2 · AC ·DC · cos ∠ACD = 1 + 17
36 −

√
17
3 · 1√

17
= 41

36 .

�«¥¤®¢ â¥«ì­®, à ¤¨ãá ®ªàã¦­®áâ¨, ®¯¨á ­­®© ®ª®«® âà¥ã£®«ì­¨ª  ADC, à ¢¥­

R = AD
2 sin∠ACD =

√
41

12 ·
√

17
4 =

√
697
48 .

2. �¥è¨â¥ ãà ¢­¥­¨¥
sin 7x cos x− sin 5x cos 3x

cos 2x− sin 2x
= 0.

�â¢¥â: πn
2 , −π

8 + πn
2 , n ∈ Z.

�¥è¥­¨¥. � ª ª ª

sin 7x cos x = 1
2 (sin 8x + sin 6x) ,

sin 5x cos 3x = 1
2 (sin 8x + sin 2x) ,

â® ãà ¢­¥­¨¥ à ¢­®á¨«ì­®
sin 6x− sin 2x

2(cos 2x− sin 2x)
=

sin 2x cos 4x

cos 2x− sin 2x
= 0.

� ª ª ª cos 4x = (cos 2x− sin 2x)(cos 2x + sin 2x), â® ¯®«ãç ¥¬

sin 2x(cos 2x + sin 2x) = 0
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¯à¨ ãá«®¢¨¨ cos 2x − sin 2x 6= 0. �á«¨ sin 2x = 0, â® x = πn
2 , ¯à¨çñ¬ cos 2x −

− sin 2x = (−1)n 6= 0, â. ¥. íâ® à¥è¥­¨ï. �á«¨ cos 2x + sin 2x = 0, â® cos 2x 6= 0 ¨
tg 2x = −1, â. ¥. x = −π

8 + πn
2 . �à¨ íâ®¬ cos 2x − sin 2x = 2 cos 2x 6= 0, â. ¥. íâ®

à¥è¥­¨ï.
3. �¥è¨â¥ ­¥à ¢¥­áâ¢® √

x + 14

1− x
> x.

�â¢¥â: x ∈ [−14, 1).
�¥è¥­¨¥. ���: x ∈ [−14, 1). �á«¨ x ∈ [−14, 0), â® «¥¢ ï ç áâì ­¥à ¢¥­áâ¢  ­¥-

®âà¨æ â¥«ì­ ,   ¯à ¢ ï | ®âà¨æ â¥«ì­ . �«¥¤®¢ â¥«ì­®, íâ® à¥è¥­¨ï. �á«¨ ¦¥
x ∈ [0, 1), â® ®¡¥ ç áâ¨ ­¥à ¢¥­áâ¢  ­¥®âà¨æ â¥«ì­ë. � íâ®¬ á«ãç ¥ ­¥à ¢¥­áâ¢®
à ¢­®á¨«ì­®

0 < x3 − x2 + x + 14 = (x + 2)(x2 − 3x + 7).

� ª ª ª x2 − 3x + 7 > 0 ¯à¨ ¢á¥å x, â® ¯®«ãç ¥¬ 0 < x + 2 | ¢¥à­® ¯à¨ ¢á¥å
x ∈ [0, 1), â. ¥. íâ® à¥è¥­¨ï.

4. �¥è¨â¥ á¨áâ¥¬ã ãà ¢­¥­¨©




logx−1
√

y + 2 = logx+1 y,

logy

(
y3

x + 1

)
= logx−1(y + 2)

�â¢¥â:
(

7+
√

17
2 , 1+

√
17

2

)
,
(

3+
√

17
2 , 5+

√
17

2

)
.

�¥è¥­¨¥. � ãçñâ®¬ ��� (y > 0, x > 1, y 6= 1, x 6= 2) á¨áâ¥¬  ¯à¥®¡à §ã¥âáï
à ¢­®á¨«ì­ë¬ ¯¥à¥å®¤®¬ ª ¢¨¤ã

{
uv = 2,

u + v = 3,

£¤¥ u = logy(x + 1), v = logx−1(y + 2). �âáî¤  «¨¡® u = 1, v = 2, «¨¡® u = 2,
v = 1.

� ¯¥à¢®¬ á«ãç ¥ ¨¬¥¥¬
{

x + 1 = y,

y + 2 = (x− 1)2.

14



� «¥¥ x2 − 3x − 2 = 0, ®âªã¤  x = 3±√17
2 , y = 5±√17

2 . � ãçñâ®¬ ���, ¯®«ãç ¥¬
x = 3+

√
17

2 , y = 5+
√

17
2 | ¢ ®â¢¥â.

�® ¢â®à®¬ á«ãç ¥ ¨¬¥¥¬
{

x + 1 = y2,

y + 2 = x− 1.

� «¥¥ y2 − y − 4 = 0, ®âªã¤  y = 1±√17
2 , x = 7±√17

2 . � ãçñâ®¬ ���, ¯®«ãç ¥¬
x = 7+

√
17

2 , y = 1+
√

17
2 | ¢ ®â¢¥â.

5. � ©¤¨â¥ ¢á¥ §­ ç¥­¨ï ¯ à ¬¥âà  a, ¯à¨ ª®â®àëå á¨áâ¥¬  ãà ¢­¥­¨©



|x|+ |x + 2| − 2y = 0,

x2 + 2x + y2 − 2ay = −2a

¨¬¥¥â à®¢­® âà¨ à §«¨ç­ëå à¥è¥­¨ï.
�â¢¥â: a = 2 +

√
2.

�¥è¥­¨¥. �¥à¢®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

y =





1, −2 ≤ x ≤ 0,

−1− x, x < −2,

x + 1, x > 0.

�â®à®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë ¯à¥®¡à §ã¥âáï ª ¢¨¤ã (x + 1)2 + (y − a)2 = (a − 1)2

¨ ï¢«ï¥âáï ãà ¢­¥­¨¥¬ ®ªàã¦­®áâ¨ á æ¥­âà®¬ ¢ â®çª¥ (−1; a) ¨ à ¤¨ãá®¬ |a −
− 1|. �â  ®ªàã¦­®áâì ¯à¨ «î¡®¬ §­ ç¥­¨¨ a ¯à®å®¤¨â ç¥à¥§ â®çªã A(−1; 1) ¨
ª á ¥âáï ¯àï¬®© y = 1. �á«¨ a < 1, â® ®ªàã¦­®áâì «¥¦¨â ­¨¦¥ ¯àï¬®© y = 1,
¨ ¤ ­­ ï á¨áâ¥¬  ¢ íâ®¬ á«ãç ¥ ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ (−1; 1). �à¨ a =

= 1 ®ªàã¦­®áâì ¢ëà®¦¤ ¥âáï ¢ â®çªã A, â. ¥. ¢ íâ®¬ á«ãç ¥ á¨áâ¥¬  â®¦¥ ¨¬¥¥â
¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ (−1; 1). �á«¨ ¦¥ a > 1, â® ®ªàã¦­®áâì à á¯®«®¦¥­  ¢ëè¥
¯àï¬®© y = 1, ¨ á¨áâ¥¬  ªà®¬¥ à¥è¥­¨ï (−1; 1) ¡ã¤¥â ¨¬¥âì ¥éñ ¤¢  à¥è¥­¨ï
(á¨¬¬¥âà¨ç­ëå ®â­®á¨â¥«ì­® ¯àï¬®© x = −1) ¢ â®¬ á«ãç ¥, ª®£¤  ®ªàã¦­®áâì
ª á ¥âáï ¯àï¬ëå y = x + 1 ¨ y = −x− 1. �â® ®§­ ç ¥â, çâ® á¨áâ¥¬ 

{
y = x + 1,

(x + 1)2 + (y − a)2 = (a− 1)2
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¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥, â. ¥. ãà ¢­¥­¨¥ (x+1)2+(x+1−a)2 = (a−1)2 ¨¬¥¥â
¥¤¨­áâ¢¥­­ë© ª®à¥­ì. �â® ãà ¢­¥­¨¥ ¬®¦­® § ¯¨á âì â ª 2(x+1)2−2a(x+1)+

+ 2a− 1 = 0, ®âªã¤  D = 4a2 − 8(2a− 1) = 4(a2 − 4a + 2) = 0, â. ¥. a = 2±√2.
� ª ª ª a > 1, â® ¯®«ãç ¥¬ a = 2 +

√
2.

6. �á­®¢ ­¨¥¬ âà¥ã£®«ì­®© ¯¨à ¬¨¤ë SABC ï¢«ï¥âáï ¯à ¢¨«ì­ë© âà¥ã-
£®«ì­¨ª ABC á® áâ®à®­®© 10. �®ª®¢®¥ à¥¡à® SC ¯¥à¯¥­¤¨ªã«ïà­® ®á­®¢ ­¨î
¨ ¨¬¥¥â ¤«¨­ã 24. �ä¥à , æ¥­âà O ª®â®à®© «¥¦¨â ¢ ¯«®áª®áâ¨ SBC, ª á ¥â-
áï àñ¡¥à SA, AB ¨ AC ¢ â®çª å A1, B1 ¨ C1 á®®â¢¥âáâ¢¥­­®. � ©¤¨â¥ AA1,
à ááâ®ï­¨¥ ®â â®çª¨ O ¤® à¥¡à  BC, ¨ à ¤¨ãá áä¥àë.

�â¢¥â: AA1 = 15
2 , ρ = 5, R = 5

√
7

2 .
�¥è¥­¨¥. �¡®§­ ç¨¬ AB = 2b = 10, SC = h = 24. �ãáâì E ¨ K | ¯à®¥ªæ¨¨

â®çª¨ O ­  ¯àï¬ë¥ BC ¨ SC á®®â¢¥âáâ¢¥­­®. �ãáâì OE = x, OA1 = OB1 =

= OC1 = R | à ¤¨ãá áä¥àë. � ª ª ª OE | ¯¥à¯¥­¤¨ªã«ïà ª ¯«®áª®áâ¨ ABC,
  OB1 ⊥ AB, â® ¯® â¥®à¥¬¥ ® âàñå ¯¥à¯¥­¤¨ªã«ïà å ¯®«ãç ¥¬ B1E ⊥ AB.
�­ «®£¨ç­® C1E ⊥ AC. �§ à ¢¥­áâ¢  ¯àï¬®ã£®«ì­ëå âà¥ã£®«ì­¨ª®¢ OB1E ¨
OC1E á«¥¤ã¥â, çâ® B1E = C1E. �§ à ¢¥­áâ¢  ¯àï¬®ã£®«ì­ëå âà¥ã£®«ì­¨ª®¢
BB1E ¨ CC1E (â ª ª ª ∠B = ∠C = π

3 ) ¯®«ãç ¥¬, çâ® BE = CE = b = 5. �®£¤ 
B1B = b

2 = C1C, C1A = B1A = 3
2b, B1E = b

√
3

2 . �à®¬¥ â®£®, ¨§ à ¢¥­áâ¢ ®âà¥§ª®¢
ª á â¥«ì­ëå, ¯à®¢¥¤ñ­­ëå ª áä¥à¥ ¨§ â®çª¨ A, á«¥¤ã¥â, çâ® AA1 = AB1 = 3

2b =

= 15
2 .
�«ï ­ å®¦¤¥­¨ï x ¨ R ¢ëà §¨¬ SO ¨§ âà¥ã£®«ì­¨ª®¢ SKO ¨ SOA1. � ª ª ª

OK = CE = b ¨ SK = h−x, â® SO2 = (h−x)2+b2 = OA2
1+SA2

1, £¤¥ OA2
1 = R2 =

= OE2 + B1E
2 = x2 + 3

4b
2, SA1 = SA − AA1 =

√
h2 + 4b2 − 3

2b. �«¥¤®¢ â¥«ì­®,
(h− x)2 + b2 = x2 + 3

4b
2 +

(√
h2 + 4b2 − 3

2b
)
, ®âªã¤  ¯®«ãç ¥¬

x2 + h2 − 2xh + b2 = x2 + 3
4b

2 + h2 + 4b2 + 9
4b

2 − 3b
√

h2 + 4b2,

â. ¥. x = 3b
2h

(√
h2 + 4b2 − 2b

)
= 15

48

(√
24 · 24 + 4 · 25− 10

)
= 5

16 (2 · 13− 10) = 5.
�®£¤  R =

√
x2 + 3

4b
2 =

√
25 + 3

4 · 25 = 5
√

7
2 .
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������� ������ � (�����, ������-2010)

1. �¥è¨â¥ ­¥à ¢¥­áâ¢®

log(x+2)

(√
x + 3 + 1

)
≤ 1.

�â¢¥â: (−2,−1) ∪ [1, +∞).
�¥è¥­¨¥: ��� x ∈ (−2,−1) ∪ (−1, +∞). �á«¨ x ∈ (−2,−1), â® x + 2 < 1,

 
√

x + 3 + 1 > 1. �«¥¤®¢ â¥«ì­®, ¯®«ãç ¥¬ log(x+2)
(√

x + 3 + 1
)

< 0 < 1, ¨
¯®íâ®¬ã x ∈ (−2,−1) | à¥è¥­¨ï. �á«¨ ¦¥ x > −1, â® x + 2 > 1 ¨ ­¥à ¢¥­áâ¢®
à ¢­®á¨«ì­®

√
x + 3 ≤ x + 1, ª®â®à®¥ ¨¬¥¥â à¥è¥­¨¥ x ∈ [1, +∞).

2. �¥è¨â¥ á¨áâ¥¬ã ãà ¢­¥­¨©




√
25− x2 −

√
25− y2 = 1,

√
25− x2 +

√
25− y2 = y2 − 2x2 + 2x + 3.

�â¢¥â: (3; 4), (3;−4),
(−1; 2 4

√
6
)
,

(−1;−2 4
√

6
)
.

�¥è¥­¨¥: �¥à¥¬­®¦¨¢ ãà ¢­¥­¨ï á¨áâ¥¬ë, ¯®«ãç¨¬ y2−x2 = y2−2x2+2x+3,
â. ¥. x2 − 2x− 3 = 0, ®âªã¤  x = 3 ¨«¨ x = −1.

�à¨ x = 3 ¨§ ¯¥à¢®£® ãà ¢­¥­¨ï á¨áâ¥¬ë ­ å®¤¨¬
√

25− y2 = 3, ®âªã¤ 
y = ±4. �®¤áâ ¢«ïï x = 3 ¨ y = ±4 ¢® ¢â®à®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë, ¯®«ãç ¥¬
4 + 3 = 7 = 16 − 18 + 6 + 3 | â®¦¤¥áâ¢®. � ª¨¬ ®¡à §®¬, ®¡¥ ¯ àë (3;−4) ¨
(3; 4) ã¤®¢«¥â¢®àïîâ ¢â®à®¬ã ãà ¢­¥­¨î á¨áâ¥¬ë.

�à¨ x = −1 ¨§ ¯¥à¢®£® ãà ¢­¥­¨ï á¨áâ¥¬ë ­ å®¤¨¬
√

25− y2 = 2
√

6 − 1,
®âªã¤  y2 = 4

√
6 ¨ y = ±2 4

√
6. �®¤áâ ¢«ïï x = −1 ¨ y = ±2 4

√
6 ¢® ¢â®à®¥

ãà ¢­¥­¨¥ á¨áâ¥¬ë, ¯®«ãç ¥¬ 2
√

6+
√

25− 4
√

6 = 4
√

6−4+3, â. ¥.
√

25− 4
√

6 =

= 2
√

6−1, çâ® à ¢­®á¨«ì­® 25−4
√

6 = 24−4
√

6+1 | â®¦¤¥áâ¢®. � ª¨¬ ®¡à §®¬,
®¡¥ ¯ àë

(−1; 2 4
√

6
)

¨
(−1;−2 4

√
6
)

ã¤®¢«¥â¢®àïîâ ¢â®à®¬ã ãà ¢­¥­¨î á¨áâ¥¬ë.
3. �¥è¨â¥ ãà ¢­¥­¨¥

sin 3x + 3| sin x| = cos 4x− cos 2x.

�â¢¥â: x = πn, x = π
2 + 2πn, n ∈ Z.

�¥è¥­¨¥: � áá¬®âà¨¬ á«ãç © t = sin x ≥ 0. �áå®¤­®¥ ãà ¢­¥­¨¥ ¯à¨¬¥â ¢¨¤
sin 3x + 3 sin x = −2 sin 3x sin x. � ª ª ª sin 3x = 3 sin x − 4 sin3 x, â® ¯®«ãç ¥¬

1



(3t− 4t3)(1 + 2t) + 3t = 0. �âáî¤  ­ å®¤¨¬

t(4t3 + 2t2 − 3t− 3) = t(t− 1)(4t2 + 6t + 3) = 0.

�à ¢­¥­¨¥ 4t2 + 6t + 3 = 0 ­¥ ¨¬¥¥â ª®à­¥©. �«¥¤®¢ â¥«ì­®, «¨¡® t = sin x = 0

¨ x = πn, «¨¡® t = sin x = 1 ¨ x = π
2 + 2πn.

�¥¯¥àì à áá¬®âà¨¬ á«ãç © t = sin x < 0. �®£¤  ¨áå®¤­®¥ ãà ¢­¥­¨¥ ¯à¨¬¥â
¢¨¤ t2(4t2 +2t− 3) = 0. �à ¢­¥­¨¥ 4t2 +2t− 3 = 0 ¨¬¥¥â ª®à­¨ t1 = −1−√13

4 < −1

¨ t2 = −1+
√

13
4 > 0, â. ¥. ¢ íâ®¬ á«ãç ¥ à¥è¥­¨© ã ¨áå®¤­®£® ãà ¢­¥­¨ï ­¥â.

4. � ¯à ¢¨«ì­®© ç¥âëàñåã£®«ì­®© ¯¨à ¬¨¤¥ SABCD áâ®à®­  ®á­®¢ ­¨ï
ABCD à ¢­ 

√
2, ¢ëá®â  SO à ¢­  2. �®çª  K «¥¦¨â ­  ¢ëá®â¥ SO, ¯à¨çñ¬

KS : KO = 1 : 3. �¥à¥§ â®çªã K ¯à®¢¥¤¥­  ¯«®áª®áâì Π , ¯¥à¯¥­¤¨ªã«ïà­ ï
¯àï¬®© SA. � ©¤¨â¥ ¯«®é ¤ì á¥ç¥­¨ï ¯¨à ¬¨¤ë ¯«®áª®áâìî Π , à ááâ®ï­¨¥ ®â
â®çª¨ D ¤® ¯«®áª®áâ¨ Π ¨ ã£®« ¬¥¦¤ã ¯«®áª®áâìî Π ¨ ¯àï¬®© SD.

�â¢¥â: ¯«®é ¤ì = 1
3
√

5
, à ááâ®ï­¨¥ = 3√

5
, ã£®« = arcsin 4

5 .
�¥è¥­¨¥: �¬¥¥¬ AO = 1, AS =

√
5. �ãáâì 2α = ∠ASC, 2β = ∠ASD. �®£¤ 

tg α = 1
2 , cos α = 2√

5
, sin α = 1√

5
, sin 2α = 4

5 , cos 2α = 3
5 , sin β = 1√

10
, cos β = 3√

10
,

sin 2β = 3
5 , cos 2β = 4

5 , tg 2β = 3
4 .

�ãáâì ¯«®áª®áâì Π ¯¥à¥á¥ª ¥âáï á ¯àï¬ë¬¨ AS, CS ¨ DS ¢ â®çª å M , N ¨
P á®®â¢¥âáâ¢¥­­®. � ¯«®áª®áâ¨ ASC ¨§ ¯àï¬®ã£®«ì­®£® 4KSM ¨¬¥¥¬ SM =

= SK cos α = 1√
5
. � «¥¥ ¨§ ¯àï¬®ã£®«ì­®£® 4NMS ¨¬¥¥¬ SN = SM

cos 2α =
√

5
3 ,

MN = SN sin 2α = 4
3
√

5
.

� ¯«®áª®áâ¨ ASD ¨§ ¯àï¬®ã£®«ì­®£® 4PMS ¨¬¥¥¬ MP = SM tg 2β = 3
4
√

5
,

SP = SM
cos 2β =

√
5

4 . � ª ª ª SM ¯¥à¯¥­¤¨ªã«ïà­® ¯«®áª®áâ¨ Π , â® ã£«®¬ ¬¥¦¤ã
¯àï¬®© SD ¨ ¯«®áª®áâìî Π ï¢«ï¥âáï ∠SPM = π

2−2β = arcsin 4
5 . � ª ª ª DP =

= SD − SP =
√

5−
√

5
4 = 3

√
5

4 , â® à ááâ®ï­¨¥ ®â â®çª¨ D ¤® ¯«®áª®áâ¨ Π à ¢­®
DP sin ∠SPM = 3√

5
.

� ¯«®áª®áâ¨ CDS ¨§ 4PNS ¯® â¥®à¥¬¥ ª®á¨­ãá®¢ ­ å®¤¨¬ PN 2 = 5
16 +

+ 5
9 − 5

6 · 4
5 = 29

9·16 . � áá¬®âà¨¬ 4MPN . �ãáâì ∠PMN = ϕ. �®£¤  ¯® â¥®à¥¬¥
ª®á¨­ãá®¢ ¯®«ãç ¥¬ 29

9·16 = 9
16·5 + 16

9·5 − 2
5 cos ϕ, ®âªã¤  145

9·16 = 9·9+16·16
9·16 − 2 cos ϕ, ¨

cos ϕ = 81+256−145
18·16 = 192

18·16 = 2
3 . �«¥¤®¢ â¥«ì­®, sin ϕ =

√
5

3 , ¨ ¨áª®¬ ï ¯«®é ¤ì
á¥ç¥­¨ï à ¢­  MP ·MN · sin ϕ = 1

3
√

5
.

2



5. �¥è¨â¥ á¨áâ¥¬ã ãà ¢­¥­¨©




sin x +
√

2 cos y = 3
2 ,

√
2 sin y +

√
3 cos x = 5

2 .

�â¢¥â: x = π
6 + 2πk, y = π

4 + 2πs, k, s ∈ Z.
�¥è¥­¨¥: �«®¦¨¢ ãà ¢­¥­¨ï á¨áâ¥¬ë, ¯®«ãç¨¬

2 sin
(
x + π

3

)
+ 2 sin

(
y + π

4

)
= 4.

�â® à ¢¥­áâ¢® à ¢­®á¨«ì­® sin
(
x + π

3

)
= 1 ¨ sin

(
y + π

4

)
= 1. �«¥¤®¢ â¥«ì­®,

x = π
6 + 2πk ¨ y = π

4 + 2πs, k, s ∈ Z. �®¤áâ ¢«ïï ¯®«ãç¥­­ë¥ §­ ç¥­¨ï x ¨ y ¢
¨áå®¤­ãî á¨áâ¥¬ã, ¯®«ãç ¥¬ 1

2 + 1 = 3
2 ¨ 1 + 3

2 = 5
2 , â. ¥. íâ® à¥è¥­¨ï.

6. � âà ¯¥æ¨î ABCD ¬®¦­® ¢¯¨á âì ®ªàã¦­®áâì. �«¨­ë ¥ñ ¡®ª®¢ëå áâ®à®­
AB ¨ CD à ¢­ë á®®â¢¥âáâ¢¥­­® 3 ¨ 5,   ¤«¨­  ®á­®¢ ­¨ï AD ¡®«ìè¥ ¤«¨­ë
BC. �à¥¤­ïï «¨­¨ï âà ¯¥æ¨¨ ¤¥«¨â ¥ñ ­  ¤¢¥ ç áâ¨, ®â­®è¥­¨¥ ¯«®é ¤¥© ª®-
â®àëå à ¢­® 5

11 . � ©¤¨â¥ à ¤¨ãá ¢¯¨á ­­®© ¢ âà ¯¥æ¨î ®ªàã¦­®áâ¨ ¨ ¤«¨­ë ¥ñ
¤¨ £®­ «¥©.

�â¢¥â: R =
√

14
3 , AC = 2

√
10
3 , BD = 2

√
26
3 .

�¥è¥­¨¥: �ãáâì M, K, N,E | â®çª¨ ª á ­¨ï ¢¯¨á ­­®© ¢ âà ¯¥æ¨î ®ªàã¦-
­®áâ¨ á® áâ®à®­ ¬¨ AB, BC, CD ¨ AD á®®â¢¥âáâ¢¥­­®. �ãáâì P | á¥à¥¤¨­ 
AB, Q | á¥à¥¤¨­  CD, â ª çâ® PQ | áà¥¤­ïï «¨­¨ï âà ¯¥æ¨¨. �ãáâì F ¨
T | ¯à®¥ªæ¨¨ â®ç¥ª B ¨ C ­  AD. �ãáâì R | à ¤¨ãá ¢¯¨á ­­®© ¢ âà ¯¥æ¨î
®ªàã¦­®áâ¨, h | ¢ëá®â  âà ¯¥æ¨¨. �®£¤  h = 2R. �¡®§­ ç¨¬ BM = BK = x,
CN = CK = y. �®£¤  AM = AE = 3 − x, DN = DE = 5 − y, BC = x + y,
AD = AE + DE = 8 − (x + y), PQ = BC+AD

2 = 4, AF = AE − FE = 3 − 2x,
DT = DE−TE = 5− 2y. �ãáâì S1 ¨ S2 | ¯«®é ¤¨ âà ¯¥æ¨© PBCQ ¨ APQD.
�®£¤  S1 = R

2 (BC + PQ) = R
2 (4 + x + y), S2 = R

2 (PQ + AD) = R
2 (12− x− y). �®

ãá«®¢¨î, S1

S2
= 5

11 = 4+x+y
12−(x+y) , ®âªã¤  x+ y = 1. � ª ª ª BF 2 = h2 = AB2−AF 2 =

= 9−(3−2x)2 = 4(3x−x2) ¨ CT 2 = h2 = CD2−DT 2 = 25−(5−2y)2 = 4(5y−y2),
â® 3x−x2 = 5y− y2. �®áª®«ìªã x = 1− y, â® 3(1− y)− (1− y)2 = 5y− y2, ®âªã¤ 
y = 1

3 , x = 2
3 , R =

√
5y − y2 =

√
14
3 , AT = 3−x+y = 8

3 , DF = 5−y+x = 16
3 , AC =

=
√

CT 2 + AT 2 =
√

56
9 + 64

9 = 2
√

10
3 , BD =

√
BF 2 + DF 2 =

√
56
9 + 256

9 = 2
√

26
3 .

3



������� ������ � (�����, ������-2010)

1. �¥è¨â¥ ­¥à ¢¥­áâ¢®

log(x+5)

(√
x + 8 + 3

)
≤ 1.

�â¢¥â: (−5,−4) ∪ [1, +∞).
�¥è¥­¨¥: ��� x ∈ (−5,−4) ∪ (−4, +∞). �á«¨ x ∈ (−5,−4), â® x + 5 < 1,

 
√

x + 8 + 3 > 1. �«¥¤®¢ â¥«ì­®, ¯®«ãç ¥¬ log(x+5)
(√

x + 8 + 3
)

< 0 < 1, ¨
¯®íâ®¬ã x ∈ (−5,−4) | à¥è¥­¨ï. �á«¨ ¦¥ x > −4, â® x + 5 > 1 ¨ ­¥à ¢¥­áâ¢®
à ¢­®á¨«ì­®

√
x + 8 ≤ x + 2, ª®â®à®¥ ¨¬¥¥â à¥è¥­¨¥ x ∈ [1, +∞).

2. �¥è¨â¥ á¨áâ¥¬ã ãà ¢­¥­¨©




√
25− x2 +

√
25− y2 = 7,

√
25− x2 −

√
25− y2 = 1

7(y
2 − 2x2 + 2x + 3).

�â¢¥â: (3; 4), (3;−4),
(
−1; 2

√
7
√

6− 12
)

,
(
−1;−2

√
7
√

6− 12
)

.
�¥è¥­¨¥: �¥à¥¬­®¦¨¢ ãà ¢­¥­¨ï á¨áâ¥¬ë, ¯®«ãç¨¬ y2−x2 = y2−2x2+2x+3,

â. ¥. x2 − 2x− 3 = 0, ®âªã¤  x = 3 ¨«¨ x = −1.
�à¨ x = 3 ¨§ ¯¥à¢®£® ãà ¢­¥­¨ï á¨áâ¥¬ë ­ å®¤¨¬

√
25− y2 = 3, ®âªã¤ 

y = ±4. �®¤áâ ¢«ïï x = 3 ¨ y = ±4 ¢® ¢â®à®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë, ¯®«ãç ¥¬
4− 3 = 1 = 1

7(16− 18 + 6 + 3) | â®¦¤¥áâ¢®. � ª¨¬ ®¡à §®¬, ®¡¥ ¯ àë (3;−4) ¨
(3; 4) ã¤®¢«¥â¢®àïîâ ¢â®à®¬ã ãà ¢­¥­¨î á¨áâ¥¬ë.

�à¨ x = −1 ¨§ ¯¥à¢®£® ãà ¢­¥­¨ï á¨áâ¥¬ë ­ å®¤¨¬
√

25− y2 = 7 − 2
√

6,
®âªã¤  y2 = 28

√
6 − 48 ¨ y = ±2

√
7
√

6− 12. �®¤áâ ¢«ïï ­ ©¤¥­­ë¥ §­ ç¥­¨ï
x = −1 ¨ y = ±2

√
7
√

6− 12 ¢® ¢â®à®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë, ¯®«ãç ¥¬ 2
√

6 −
−

√
25 + 48− 28

√
6 = 1

7

(
28
√

6− 49
)

= 4
√

6−7, â. ¥.
√

25 + 48− 28
√

6 = 7−2
√

6,
çâ® à ¢­®á¨«ì­® 25 + 48 − 28

√
6 = 49 − 28

√
6 + 24 | â®¦¤¥áâ¢®. � ª¨¬ ®¡à -

§®¬, ®¡¥ ¯ àë
(
−1; 2

√
7
√

6− 12
)

¨
(
−1;−2

√
7
√

6− 12
)

ã¤®¢«¥â¢®àïîâ ¢â®à®-
¬ã ãà ¢­¥­¨î á¨áâ¥¬ë.

3. �¥è¨â¥ ãà ¢­¥­¨¥

sin 3x− 3| sin x| = cos 4x− cos 2x.

�â¢¥â: x = πn, x = (−1)n arcsin
√

13−1
4 + πn, n ∈ Z.

4



�¥è¥­¨¥: � áá¬®âà¨¬ á«ãç © t = sin x ≥ 0. �áå®¤­®¥ ãà ¢­¥­¨¥ ¯à¨¬¥â ¢¨¤
sin 3x − 3 sin x = −2 sin 3x sin x. � ª ª ª sin 3x = 3 sin x − 4 sin3 x, â® ¯®«ãç ¥¬
(3t− 4t3)(1 + 2t)− 3t = 0. �âáî¤  ­ å®¤¨¬ t2(4t2 + 2t− 3) = 0. �à ¢­¥­¨¥ 4t2 +

+ 2t− 3 = 0 ¨¬¥¥â ª®à­¨ t1 = −1−√13
4 < 0 ¨ t2 = −1+

√
13

4 ∈ (0, 1). �«¥¤®¢ â¥«ì­®,
«¨¡® t = sin x = t2 ¨ x = (−1)n arcsin t2 + πn, «¨¡® t = sin x = 0 ¨ x = πn.

�¥¯¥àì à áá¬®âà¨¬ á«ãç © t = sin x < 0. �®£¤  ¨áå®¤­®¥ ãà ¢­¥­¨¥ ¯à¨¬¥â
¢¨¤

t(4t3 + 2t2 − 3t− 3) = t(t− 1)(4t2 + 6t + 3) = 0.

�à ¢­¥­¨¥ 4t2 + 6t + 3 = 0 ­¥ ¨¬¥¥â ª®à­¥©. �«¥¤®¢ â¥«ì­®, ¢ íâ®¬ á«ãç ¥
à¥è¥­¨© ã ¨áå®¤­®£® ãà ¢­¥­¨ï ­¥â.

4. � ¯à ¢¨«ì­®© ç¥âëàñåã£®«ì­®© ¯¨à ¬¨¤¥ SABCD ¡®ª®¢®¥ à¥¡à® SA

à ¢­®
√

5, ¢ëá®â  SO à ¢­  2. �®çª  K «¥¦¨â ­  ¢ëá®â¥ SO, ¯à¨çñ¬ KS : SO =

= 1 : 4. �¥à¥§ â®çªã K ¯à®¢¥¤¥­  ¯«®áª®áâì Π , ¯¥à¯¥­¤¨ªã«ïà­ ï ¯àï¬®© SB.
� ©¤¨â¥ ¯«®é ¤ì á¥ç¥­¨ï ¯¨à ¬¨¤ë ¯«®áª®áâìî Π , à ááâ®ï­¨¥ ®â â®çª¨ A ¤®
¯«®áª®áâ¨ Π ¨ ã£®« ¬¥¦¤ã ¯«®áª®áâìî Π ¨ ¯àï¬®© SA.

�â¢¥â: ¯«®é ¤ì = 1
3
√

5
, à ááâ®ï­¨¥ = 3√

5
, ã£®« = arcsin 4

5 .
�¥è¥­¨¥: �¬¥¥¬ BO = 1, AB =

√
2. �ãáâì 2α = ∠BSD, 2β = ∠ASB. �®£¤ 

tg α = 1
2 , cos α = 2√

5
, sin α = 1√

5
, sin 2α = 4

5 , cos 2α = 3
5 , sin β = 1√

10
, cos β = 3√

10
,

sin 2β = 3
5 , cos 2β = 4

5 , tg 2β = 3
4 .

�ãáâì ¯«®áª®áâì Π ¯¥à¥á¥ª ¥âáï á ¯àï¬ë¬¨ BS, DS ¨ AS ¢ â®çª å M , N ¨
P á®®â¢¥âáâ¢¥­­®. � ¯«®áª®áâ¨ BSD ¨§ ¯àï¬®ã£®«ì­®£® 4KSM ¨¬¥¥¬ SM =

= SK cos α = 1√
5
. � «¥¥ ¨§ ¯àï¬®ã£®«ì­®£® 4NMS ¨¬¥¥¬ SN = SM

cos 2α =
√

5
3 ,

MN = SN sin 2α = 4
3
√

5
.

� ¯«®áª®áâ¨ ASB ¨§ ¯àï¬®ã£®«ì­®£® 4PMS ¨¬¥¥¬ MP = SM tg 2β = 3
4
√

5
,

SP = SM
cos 2β =

√
5

4 . � ª ª ª SM ¯¥à¯¥­¤¨ªã«ïà­® ¯«®áª®áâ¨ Π , â® ã£«®¬ ¬¥¦¤ã
¯àï¬®© SA ¨ ¯«®áª®áâìî Π ï¢«ï¥âáï ∠SPM = π

2 −2β = arcsin 4
5 . � ª ª ª AP =

= SA − SP =
√

5 −
√

5
4 = 3

√
5

4 , â® à ááâ®ï­¨¥ ®â â®çª¨ A ¤® ¯«®áª®áâ¨ Π à ¢­®
AP sin ∠SPM = 3√

5
.

� ¯«®áª®áâ¨ ADS ¨§ 4PNS ¯® â¥®à¥¬¥ ª®á¨­ãá®¢ ­ å®¤¨¬ PN 2 = 5
16 +

+ 5
9 − 5

6 · 4
5 = 29

9·16 . � áá¬®âà¨¬ 4MPN . �ãáâì ∠PMN = ϕ. �®£¤  ¯® â¥®à¥¬¥
ª®á¨­ãá®¢ ¯®«ãç ¥¬ 29

9·16 = 9
16·5 + 16

9·5 − 2
5 cos ϕ, ®âªã¤  145

9·16 = 9·9+16·16
9·16 − 2 cos ϕ, ¨

cos ϕ = 81+256−145
18·16 = 192

18·16 = 2
3 . �«¥¤®¢ â¥«ì­®, sin ϕ =

√
5

3 , ¨ ¨áª®¬ ï ¯«®é ¤ì

5



á¥ç¥­¨ï à ¢­  MP ·MN · sin ϕ = 1
3
√

5
.

5. �¥è¨â¥ á¨áâ¥¬ã ãà ¢­¥­¨©




√
2 sin x−√3 cos y = 5

2 ,

sin y +
√

2 cos x = −3
2 .

�â¢¥â: x = 3π
4 + 2πk, y = −5π

6 + 2πs, k, s ∈ Z.
�¥è¥­¨¥: �ëç¨â ï ¨§ ¯¥à¢®£® ãà ¢­¥­¨ï á¨áâ¥¬ë ¢â®à®¥, ¯®«ãç¨¬

2 sin
(
x− π

4

)− 2 sin
(
y + π

3

)
= 4.

�â® à ¢¥­áâ¢® à ¢­®á¨«ì­® sin
(
x− π

4

)
= 1 ¨ sin

(
y + π

3

)
= −1. �«¥¤®¢ â¥«ì­®,

x = 3π
4 + 2πk ¨ y = −5π

6 + 2πs, k, s ∈ Z. �®¤áâ ¢«ïï ¯®«ãç¥­­ë¥ §­ ç¥­¨ï x ¨ y

¢ ¨áå®¤­ãî á¨áâ¥¬ã, ¯®«ãç ¥¬ 1 + 3
2 = 5

2 ¨ −1
2 − 1 = −3

2 , â. ¥. íâ® à¥è¥­¨ï.
6. � âà ¯¥æ¨î ABCD ¬®¦­® ¢¯¨á âì ®ªàã¦­®áâì. �«¨­ë ¥ñ ¡®ª®¢ëå áâ®à®­

AD ¨ BC à ¢­ë á®®â¢¥âáâ¢¥­­® 6 ¨ 10,   ¤«¨­  ®á­®¢ ­¨ï CD ¡®«ìè¥ ¤«¨­ë
AB. �à¥¤­ïï «¨­¨ï âà ¯¥æ¨¨ ¤¥«¨â ¥ñ ­  ¤¢¥ ç áâ¨, ®â­®è¥­¨¥ ¯«®é ¤¥© ª®-
â®àëå à ¢­® 5

11 . � ©¤¨â¥ ¤«¨­ë ®á­®¢ ­¨© âà ¯¥æ¨¨ ¨ à ¤¨ãá ¢¯¨á ­­®© ¢ ­¥ñ
®ªàã¦­®áâ¨.

�â¢¥â: AB = 2, CD = 14, R = 2
√

14
3 .

�¥è¥­¨¥: �ãáâì M, K, N,E | â®çª¨ ª á ­¨ï ¢¯¨á ­­®© ¢ âà ¯¥æ¨î ®ªàã¦-
­®áâ¨ á® áâ®à®­ ¬¨ AD, AB, BC ¨ CD á®®â¢¥âáâ¢¥­­®. �ãáâì P | á¥à¥¤¨­ 
AD, Q | á¥à¥¤¨­  BC, â ª çâ® PQ | áà¥¤­ïï «¨­¨ï âà ¯¥æ¨¨. �ãáâì F ¨
T | ¯à®¥ªæ¨¨ â®ç¥ª A ¨ B ­  CD. �ãáâì R | à ¤¨ãá ¢¯¨á ­­®© ¢ âà ¯¥æ¨î
®ªàã¦­®áâ¨, h | ¢ëá®â  âà ¯¥æ¨¨. �®£¤  h = 2R. �¡®§­ ç¨¬ AM = AK = x,
BN = BK = y. �®£¤  DM = DE = 6 − x, CN = CE = 10 − y, AB = x + y,
CD = DE + CE = 16 − (x + y), PQ = AB+CD

2 = 8, DF = DE − FE = 6 − 2x,
CT = CE−TE = 10−2y. �ãáâì S1 ¨ S2 | ¯«®é ¤¨ âà ¯¥æ¨© PABQ ¨ DPQC.
�®£¤  S1 = R

2 (AB + PQ) = R
2 (8 + x + y), S2 = R

2 (PQ + CD) = R
2 (24 − x − y).

�® ãá«®¢¨î, S1

S2
= 5

11 = 8+x+y
24−(x+y) , ®âªã¤  x + y = 2. �®£¤  ®á­®¢ ­¨ï âà ¯¥æ¨¨

CD = 16−(x+y) = 14 ¨ AB = x+y = 2. � ª ª ª AF 2 = h2 = AD2−DF 2 = 36−
−(6−2x)2 = 4(6x−x2) ¨ BT 2 = h2 = BC2−CT 2 = 100−(10−2y)2 = 4(10y−y2),
â® 6x − x2 = 10y − y2. �®áª®«ìªã x = 2 − y, â® 6(2 − y) − (2 − y)2 = 10y − y2,
®âªã¤  y = 2

3 , x = 4
3 , ¨ R =

√
10y − y2 = 2

√
14

3 .

6



������� ������ � (�����, ������-2010)

1. �¥è¨â¥ ­¥à ¢¥­áâ¢®

log(x+1)

(√
x + 4 +

3

4

)
≤ 1.

�â¢¥â: (−1, 0) ∪ [9
4 , +∞

)
.

�¥è¥­¨¥: ��� x ∈ (−1, 0) ∪ (0, +∞). �á«¨ x ∈ (−1, 0), â® x + 1 < 1,  √
x + 4 + 3

4 > 1. �«¥¤®¢ â¥«ì­®, ¯®«ãç ¥¬ log(x+1)
(√

x + 4 + 3
4

)
< 0 < 1, ¨ ¯®-

íâ®¬ã x ∈ (−1, 0) | à¥è¥­¨ï. �á«¨ ¦¥ x > 0, â® x + 1 > 1 ¨ ­¥à ¢¥­áâ¢®
à ¢­®á¨«ì­®

√
x + 4 ≤ x + 1

4 , ª®â®à®¥ ¨¬¥¥â à¥è¥­¨¥ x ∈ [9
4 , +∞

)
.

2. �¥è¨â¥ á¨áâ¥¬ã ãà ¢­¥­¨©




√
25− y2 −√25− x2 = 1,

√
25− y2 +

√
25− x2 = x2 − 2y2 + 2y + 3.

�â¢¥â: (4; 3), (−4; 3),
(
2 4
√

6;−1
)
,

(−2 4
√

6;−1
)
.

�¥è¥­¨¥: �¥à¥¬­®¦¨¢ ãà ¢­¥­¨ï á¨áâ¥¬ë, ¯®«ãç¨¬ x2−y2 = x2−2y2+2y+3,
â. ¥. y2 − 2y − 3 = 0, ®âªã¤  y = 3 ¨«¨ y = −1.

�à¨ y = 3 ¨§ ¯¥à¢®£® ãà ¢­¥­¨ï á¨áâ¥¬ë ­ å®¤¨¬
√

25− x2 = 3, ®âªã¤ 
x = ±4. �®¤áâ ¢«ïï y = 3 ¨ x = ±4 ¢® ¢â®à®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë, ¯®«ãç ¥¬
4 + 3 = 7 = 16 − 18 + 6 + 3 | â®¦¤¥áâ¢®. � ª¨¬ ®¡à §®¬, ®¡¥ ¯ àë (−4; 3) ¨
(4; 3) ã¤®¢«¥â¢®àïîâ ¢â®à®¬ã ãà ¢­¥­¨î á¨áâ¥¬ë.

�à¨ y = −1 ¨§ ¯¥à¢®£® ãà ¢­¥­¨ï á¨áâ¥¬ë ­ å®¤¨¬
√

25− x2 = 2
√

6 − 1,
®âªã¤  x2 = 4

√
6 ¨ x = ±2 4

√
6. �®¤áâ ¢«ïï y = −1 ¨ x = ±2 4

√
6 ¢® ¢â®à®¥

ãà ¢­¥­¨¥ á¨áâ¥¬ë, ¯®«ãç ¥¬ 2
√

6+
√

25− 4
√

6 = 4
√

6−4+3, â. ¥.
√

25− 4
√

6 =

= 2
√

6−1, çâ® à ¢­®á¨«ì­® 25−4
√

6 = 24−4
√

6+1 | â®¦¤¥áâ¢®. � ª¨¬ ®¡à §®¬,
®¡¥ ¯ àë

(
2 4
√

6;−1
)

¨
(−2 4

√
6;−1

)
ã¤®¢«¥â¢®àïîâ ¢â®à®¬ã ãà ¢­¥­¨î á¨áâ¥¬ë.

3. �¥è¨â¥ ãà ¢­¥­¨¥

3| cos x| − cos 3x = cos 4x + cos 2x.

�â¢¥â: x = 2πn, x = π
2 + πn, n ∈ Z.

7



�¥è¥­¨¥: � áá¬®âà¨¬ á«ãç © t = cos x ≥ 0. �áå®¤­®¥ ãà ¢­¥­¨¥ ¯à¨¬¥â ¢¨¤
3 cos x − cos 3x = 2 cos 3x cos x. � ª ª ª cos 3x = 4 cos3 x − 3 cos x, â® ¯®«ãç ¥¬
(4t3 − 3t)(1 + 2t)− 3t = 0. �âáî¤  ­ å®¤¨¬

t(4t3 + 2t2 − 3t− 3) = t(t− 1)(4t2 + 6t + 3) = 0.

�à ¢­¥­¨¥ 4t2 + 6t + 3 = 0 ­¥ ¨¬¥¥â ª®à­¥©. �«¥¤®¢ â¥«ì­®, «¨¡® t = cos x = 0

¨ x = π
2 + πn, «¨¡® t = cos x = 1 ¨ x = 2πn.

�¥¯¥àì à áá¬®âà¨¬ á«ãç © t = cos x < 0. �®£¤  ¨áå®¤­®¥ ãà ¢­¥­¨¥ ¯à¨¬¥â
¢¨¤ t2(4t2 +2t− 3) = 0. �à ¢­¥­¨¥ 4t2 +2t− 3 = 0 ¨¬¥¥â ª®à­¨ t1 = −1−√13

4 < −1

¨ t2 = −1+
√

13
4 > 0, â. ¥. ¢ íâ®¬ á«ãç ¥ à¥è¥­¨© ã ¨áå®¤­®£® ãà ¢­¥­¨ï ­¥â.

4. � ¯à ¢¨«ì­®© ç¥âëàñåã£®«ì­®© ¯¨à ¬¨¤¥ SABCD áâ®à®­  ®á­®¢ ­¨ï
ABCD à ¢­ 

√
2, ã£®« ¬¥¦¤ã ¡®ª®¢ë¬ à¥¡à®¬ ¨ ¯«®áª®áâìî ®á­®¢ ­¨ï à ¢¥­

arctg 2. �®çª  K «¥¦¨â ­  ¢ëá®â¥ SO, ¯à¨çñ¬ KO : SO = 3 : 4. �¥à¥§ â®çªã
K ¯à®¢¥¤¥­  ¯«®áª®áâì Π , ¯¥à¯¥­¤¨ªã«ïà­ ï ¯àï¬®© SC. � ©¤¨â¥ ¯«®é ¤ì
á¥ç¥­¨ï ¯¨à ¬¨¤ë ¯«®áª®áâìî Π , à ááâ®ï­¨¥ ®â â®çª¨ B ¤® ¯«®áª®áâ¨ Π ¨
ã£®« ¬¥¦¤ã ¯«®áª®áâìî Π ¨ ¯àï¬®© SB.

�â¢¥â: ¯«®é ¤ì = 1
3
√

5
, à ááâ®ï­¨¥ = 3√

5
, ã£®« = arcsin 4

5 .
�¥è¥­¨¥: �¬¥¥¬ CO = 1, SO = 2, CS =

√
5. �ãáâì 2α = ∠ASC, 2β = ∠BSC.

�®£¤  tg α = 1
2 , cos α = 2√

5
, sin α = 1√

5
, sin 2α = 4

5 , cos 2α = 3
5 , sin β = 1√

10
,

cos β = 3√
10

, sin 2β = 3
5 , cos 2β = 4

5 , tg 2β = 3
4 .

�ãáâì ¯«®áª®áâì Π ¯¥à¥á¥ª ¥âáï á ¯àï¬ë¬¨ CS, AS ¨ BS ¢ â®çª å M , N ¨
P á®®â¢¥âáâ¢¥­­®. � ¯«®áª®áâ¨ ASC ¨§ ¯àï¬®ã£®«ì­®£® 4KSM ¨¬¥¥¬ SM =

= SK cos α = 1√
5
. � «¥¥ ¨§ ¯àï¬®ã£®«ì­®£® 4NMS ¨¬¥¥¬ SN = SM

cos 2α =
√

5
3 ,

MN = SN sin 2α = 4
3
√

5
.

� ¯«®áª®áâ¨ BSC ¨§ ¯àï¬®ã£®«ì­®£® 4PMS ¨¬¥¥¬ MP = SM tg 2β = 3
4
√

5
,

SP = SM
cos 2β =

√
5

4 . � ª ª ª SM ¯¥à¯¥­¤¨ªã«ïà­® ¯«®áª®áâ¨ Π , â® ã£«®¬ ¬¥¦¤ã
¯àï¬®© SB ¨ ¯«®áª®áâìî Π ï¢«ï¥âáï ∠SPM = π

2 −2β = arcsin 4
5 . � ª ª ª BP =

= SB − SP =
√

5−
√

5
4 = 3

√
5

4 , â® à ááâ®ï­¨¥ ®â â®çª¨ B ¤® ¯«®áª®áâ¨ Π à ¢­®
BP sin ∠SPM = 3√

5
.

� ¯«®áª®áâ¨ ABS ¨§ 4PNS ¯® â¥®à¥¬¥ ª®á¨­ãá®¢ ­ å®¤¨¬ PN 2 = 5
16 +

+ 5
9 − 5

6 · 4
5 = 29

9·16 . � áá¬®âà¨¬ 4MPN . �ãáâì ∠PMN = ϕ. �®£¤  ¯® â¥®à¥¬¥
ª®á¨­ãá®¢ ¯®«ãç ¥¬ 29

9·16 = 9
16·5 + 16

9·5 − 2
5 cos ϕ, ®âªã¤  145

9·16 = 9·9+16·16
9·16 − 2 cos ϕ, ¨

cos ϕ = 81+256−145
18·16 = 192

18·16 = 2
3 . �«¥¤®¢ â¥«ì­®, sin ϕ =

√
5

3 , ¨ ¨áª®¬ ï ¯«®é ¤ì

8



á¥ç¥­¨ï à ¢­  MP ·MN · sin ϕ = 1
3
√

5
.

5. �¥è¨â¥ á¨áâ¥¬ã ãà ¢­¥­¨©



√
3 sin x−√2 cos y = 5

2 ,

√
2 sin y − cos x = 3

2 .

�â¢¥â: x = 2π
3 + 2πk, y = 3π

4 + 2πs, k, s ∈ Z.
�¥è¥­¨¥: �«®¦¨¢ ãà ¢­¥­¨ï á¨áâ¥¬ë, ¯®«ãç¨¬

2 sin
(
x− π

6

)
+ 2 sin

(
y − π

4

)
= 4.

�â® à ¢¥­áâ¢® à ¢­®á¨«ì­® sin
(
x− π

6

)
= 1 ¨ sin

(
y − π

4

)
= 1. �«¥¤®¢ â¥«ì­®,

x = 2π
3 + 2πk ¨ y = 3π

4 + 2πs, k, s ∈ Z. �®¤áâ ¢«ïï ¯®«ãç¥­­ë¥ §­ ç¥­¨ï x ¨ y ¢
¨áå®¤­ãî á¨áâ¥¬ã, ¯®«ãç ¥¬ 3

2 + 1 = 5
2 ¨ 1 + 1

2 = 3
2 , â. ¥. íâ® à¥è¥­¨ï.

6. � âà ¯¥æ¨î ABCD ¬®¦­® ¢¯¨á âì ®ªàã¦­®áâì. �«¨­ë ¥ñ ¡®ª®¢ëå áâ®à®­
AB ¨ CD à ¢­ë á®®â¢¥âáâ¢¥­­® 15 ¨ 9,   ¤«¨­  ®á­®¢ ­¨ï AD ¬¥­ìè¥ ¤«¨­ë
BC. �à¥¤­ïï «¨­¨ï âà ¯¥æ¨¨ ¤¥«¨â ¥ñ ­  ¤¢¥ ç áâ¨, ®â­®è¥­¨¥ ¯«®é ¤¥© ª®-
â®àëå à ¢­® 5

11 . � ©¤¨â¥ à ¤¨ãá ¢¯¨á ­­®© ¢ âà ¯¥æ¨î ®ªàã¦­®áâ¨ ¨ ¤«¨­ë ¥ñ
¤¨ £®­ «¥©.

�â¢¥â: R =
√

14, AC = 2
√

30, BD = 2
√

78.
�¥è¥­¨¥: �ãáâì M, K, N,E | â®çª¨ ª á ­¨ï ¢¯¨á ­­®© ¢ âà ¯¥æ¨î ®ªàã¦-

­®áâ¨ á® áâ®à®­ ¬¨ CD, AD, AB ¨ BC á®®â¢¥âáâ¢¥­­®. �ãáâì P | á¥à¥¤¨­ 
CD, Q | á¥à¥¤¨­  AB, â ª çâ® PQ | áà¥¤­ïï «¨­¨ï âà ¯¥æ¨¨. �ãáâì F ¨
T | ¯à®¥ªæ¨¨ â®ç¥ª D ¨ A ­  BC. �ãáâì R | à ¤¨ãá ¢¯¨á ­­®© ¢ âà ¯¥æ¨î
®ªàã¦­®áâ¨, h | ¢ëá®â  âà ¯¥æ¨¨. �®£¤  h = 2R. �¡®§­ ç¨¬ DM = DK = x,
AN = AK = y. �®£¤  CM = CE = 9 − x, BN = BE = 15 − y, AD = x + y,
BC = CE + BE = 24 − (x + y), PQ = BC+AD

2 = 12, CF = CE − FE = 9 −
− 2x, BT = BE − TE = 15 − 2y. �ãáâì S1 ¨ S2 | ¯«®é ¤¨ âà ¯¥æ¨© PDAQ

¨ CPQB. �®£¤  S1 = R
2 (AD + PQ) = R

2 (12 + x + y), S2 = R
2 (PQ + BC) =

= R
2 (36 − x − y). �® ãá«®¢¨î, S1

S2
= 5

11 = 12+x+y
36−(x+y) , ®âªã¤  x + y = 3. � ª ª ª

DF 2 = h2 = CD2−CF 2 = 81− (9−2x)2 = 4(9x−x2) ¨ AT 2 = h2 = AB2−BT 2 =

= 225− (15− 2y)2 = 4(15y − y2), â® 9x− x2 = 15y − y2. �®áª®«ìªã x = 3− y, â®
9(3− y)− (3− y)2 = 15y − y2, ®âªã¤  y = 1, x = 2, R =

√
15y − y2 =

√
14, CT =

= 9− x + y = 8, BF = 15− y + x = 16, AC =
√

AT 2 + CT 2 =
√

56 + 64 = 2
√

30,
BD =

√
DF 2 + BF 2 =

√
56 + 256 = 2

√
78.
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������� ������ � (�����, ������-2010)

1.�¥è¨â¥ ­¥à ¢¥­áâ¢®

log(x+4)

(√
x + 5 + 1

)
≤ 1.

�â¢¥â: (−4,−3) ∪ [−1, +∞).
�¥è¥­¨¥: ��� x ∈ (−4,−3) ∪ (−3, +∞). �á«¨ x ∈ (−4,−3), â® x + 4 < 1,

 
√

x + 5 + 1 > 1. �«¥¤®¢ â¥«ì­®, ¯®«ãç ¥¬ log(x+4)
(√

x + 5 + 1
)

< 0 < 1, ¨
¯®íâ®¬ã x ∈ (−4,−3) | à¥è¥­¨ï. �á«¨ ¦¥ x > −3, â® x + 4 > 1 ¨ ­¥à ¢¥­áâ¢®
à ¢­®á¨«ì­®

√
x + 5 ≤ x + 3, ª®â®à®¥ ¨¬¥¥â à¥è¥­¨¥ x ∈ [−1, +∞).

2. �¥è¨â¥ á¨áâ¥¬ã ãà ¢­¥­¨©




√
25− y2 +

√
25− x2 = 7,

√
25− y2 −√25− x2 = 1

7(x
2 − 2y2 + 2y + 3).

�â¢¥â: (4; 3), (−4; 3),
(
2
√

7
√

6− 12;−1
)

,
(
−2

√
7
√

6− 12;−1
)

.
�¥è¥­¨¥: �¥à¥¬­®¦¨¢ ãà ¢­¥­¨ï á¨áâ¥¬ë, ¯®«ãç¨¬ x2−y2 = x2−2y2+2y+3,

â. ¥. y2 − 2y − 3 = 0, ®âªã¤  y = 3 ¨«¨ y = −1.
�à¨ y = 3 ¨§ ¯¥à¢®£® ãà ¢­¥­¨ï á¨áâ¥¬ë ­ å®¤¨¬

√
25− x2 = 3, ®âªã¤ 

x = ±4. �®¤áâ ¢«ïï y = 3 ¨ x = ±4 ¢® ¢â®à®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë, ¯®«ãç ¥¬
4− 3 = 1 = 1

7(16− 18 + 6 + 3) | â®¦¤¥áâ¢®. � ª¨¬ ®¡à §®¬, ®¡¥ ¯ àë (−4; 3) ¨
(4; 3) ã¤®¢«¥â¢®àïîâ ¢â®à®¬ã ãà ¢­¥­¨î á¨áâ¥¬ë.

�à¨ y = −1 ¨§ ¯¥à¢®£® ãà ¢­¥­¨ï á¨áâ¥¬ë ­ å®¤¨¬
√

25− x2 = 7 − 2
√

6,
®âªã¤  x2 = 28

√
6 − 48 ¨ x = ±2

√
7
√

6− 12. �®¤áâ ¢«ïï ­ ©¤¥­­ë¥ §­ ç¥­¨ï
y = −1 ¨ x = ±2

√
7
√

6− 12 ¢® ¢â®à®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë, ¯®«ãç ¥¬ 2
√

6 −
−

√
25 + 48− 28

√
6 = 1

7

(
28
√

6− 49
)

= 4
√

6−7, â. ¥.
√

25 + 48− 28
√

6 = 7−2
√

6,
çâ® à ¢­®á¨«ì­® 25 + 48 − 28

√
6 = 49 − 28

√
6 + 24 | â®¦¤¥áâ¢®. � ª¨¬ ®¡à -

§®¬, ®¡¥ ¯ àë
(
2
√

7
√

6− 12;−1
)

¨
(
−2

√
7
√

6− 12;−1
)

ã¤®¢«¥â¢®àïîâ ¢â®à®-
¬ã ãà ¢­¥­¨î á¨áâ¥¬ë.

3. �¥è¨â¥ ãà ¢­¥­¨¥

3| cos x|+ cos 2x + cos 3x + cos 4x = 0.

�â¢¥â: x = π
2 + πn, x = ± arccos

√
13−1
4 + 2πn, n ∈ Z.
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�¥è¥­¨¥: � áá¬®âà¨¬ á«ãç © t = cos x ≥ 0. �áå®¤­®¥ ãà ¢­¥­¨¥ ¯à¨¬¥â ¢¨¤
3 cos x+cos 3x+2 cos 3x cos x = 0. � ª ª ª cos 3x = 4 cos3 x−3 cos x, â® ¯®«ãç ¥¬
(4t3 − 3t)(1 + 2t) + 3t = 0. �âáî¤  ­ å®¤¨¬ t2(4t2 + 2t− 3) = 0. �à ¢­¥­¨¥ 4t2 +

+ 2t− 3 = 0 ¨¬¥¥â ª®à­¨ t1 = −1−√13
4 < 0 ¨ t2 = −1+

√
13

4 ∈ (0, 1). �«¥¤®¢ â¥«ì­®,
«¨¡® t = cos x = t2 ¨ x = ± arccos t2 + 2πn, «¨¡® t = cos x = 0 ¨ x = π

2 + πn.
�¥¯¥àì à áá¬®âà¨¬ á«ãç © t = cos x < 0. �®£¤  ¨áå®¤­®¥ ãà ¢­¥­¨¥ ¯à¨¬¥â

¢¨¤
t(4t3 + 2t2 − 3t− 3) = t(t− 1)(4t2 + 6t + 3) = 0.

�à ¢­¥­¨¥ 4t2 + 6t + 3 = 0 ­¥ ¨¬¥¥â ª®à­¥©. �«¥¤®¢ â¥«ì­®, ¢ íâ®¬ á«ãç ¥
à¥è¥­¨© ã ¨áå®¤­®£® ãà ¢­¥­¨ï ­¥â.

4. � ¯à ¢¨«ì­®© ç¥âëàñåã£®«ì­®© ¯¨à ¬¨¤¥ SABCD ¡®ª®¢®¥ à¥¡à® SA

à ¢­®
√

5, ã£®« ¬¥¦¤ã ¡®ª®¢ë¬ à¥¡à®¬ ¨ à¥¡à®¬ ®á­®¢ ­¨ï à ¢¥­ arctg 3. �®çª 
K «¥¦¨â ­  ¢ëá®â¥ SO, ¯à¨çñ¬ KS : SO = 1 : 4. �¥à¥§ â®çªã K ¯à®¢¥¤¥­  ¯«®á-
ª®áâì Π , ¯¥à¯¥­¤¨ªã«ïà­ ï ¯àï¬®© SD. � ©¤¨â¥ ¯«®é ¤ì á¥ç¥­¨ï ¯¨à ¬¨¤ë
¯«®áª®áâìî Π , à ááâ®ï­¨¥ ®â â®çª¨ C ¤® ¯«®áª®áâ¨ Π ¨ ã£®« ¬¥¦¤ã ¯«®áª®áâìî
Π ¨ ¯àï¬®© SC.

�â¢¥â: ¯«®é ¤ì = 1
3
√

5
, à ááâ®ï­¨¥ = 3√

5
, ã£®« = arcsin 4

5 .
�¥è¥­¨¥: �¬¥¥¬ AB = 2 ·√5 · 1√

10
=
√

2, AO = 1, SO = 2. �ãáâì 2α = ∠BSD,
2β = ∠CSD. �®£¤  tg α = 1

2 , cos α = 2√
5
, sin α = 1√

5
, sin 2α = 4

5 , cos 2α = 3
5 ,

sin β = 1√
10

, cos β = 3√
10

, sin 2β = 3
5 , cos 2β = 4

5 , tg 2β = 3
4 .

�ãáâì ¯«®áª®áâì Π ¯¥à¥á¥ª ¥âáï á ¯àï¬ë¬¨ DS, BS ¨ CS ¢ â®çª å M , N ¨
P á®®â¢¥âáâ¢¥­­®. � ¯«®áª®áâ¨ BSD ¨§ ¯àï¬®ã£®«ì­®£® 4KSM ¨¬¥¥¬ SM =

= SK cos α = 1√
5
. � «¥¥ ¨§ ¯àï¬®ã£®«ì­®£® 4NMS ¨¬¥¥¬ SN = SM

cos 2α =
√

5
3 ,

MN = SN sin 2α = 4
3
√

5
.

� ¯«®áª®áâ¨ CSD ¨§ ¯àï¬®ã£®«ì­®£® 4PMS ¨¬¥¥¬ MP = SM tg 2β = 3
4
√

5
,

SP = SM
cos 2β =

√
5

4 . � ª ª ª SM ¯¥à¯¥­¤¨ªã«ïà­® ¯«®áª®áâ¨ Π , â® ã£«®¬ ¬¥¦¤ã
¯àï¬®© SC ¨ ¯«®áª®áâìî Π ï¢«ï¥âáï ∠SPM = π

2 −2β = arcsin 4
5 . � ª ª ª CP =

= SC − SP =
√

5−
√

5
4 = 3

√
5

4 , â® à ááâ®ï­¨¥ ®â â®çª¨ C ¤® ¯«®áª®áâ¨ Π à ¢­®
CP sin ∠SPM = 3√

5
.

� ¯«®áª®áâ¨ BCS ¨§ 4PNS ¯® â¥®à¥¬¥ ª®á¨­ãá®¢ ­ å®¤¨¬ PN 2 = 5
16 +

+ 5
9 − 5

6 · 4
5 = 29

9·16 . � áá¬®âà¨¬ 4MPN . �ãáâì ∠PMN = ϕ. �®£¤  ¯® â¥®à¥¬¥
ª®á¨­ãá®¢ ¯®«ãç ¥¬ 29

9·16 = 9
16·5 + 16

9·5 − 2
5 cos ϕ, ®âªã¤  145

9·16 = 9·9+16·16
9·16 − 2 cos ϕ, ¨

cos ϕ = 81+256−145
18·16 = 192

18·16 = 2
3 . �«¥¤®¢ â¥«ì­®, sin ϕ =

√
5

3 , ¨ ¨áª®¬ ï ¯«®é ¤ì
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á¥ç¥­¨ï à ¢­  MP ·MN · sin ϕ = 1
3
√

5
.

5. �¥è¨â¥ á¨áâ¥¬ã ãà ¢­¥­¨©




√
2 cos x−√3 sin y = 5

2 ,

cos y −√2 sin x = −3
2 .

�â¢¥â: x = π
4 + 2πk, y = −2π

3 + 2πs, k, s ∈ Z.
�¥è¥­¨¥: �ëç¨â ï ¨§ ¯¥à¢®£® ãà ¢­¥­¨ï á¨áâ¥¬ë ¢â®à®¥, ¯®«ãç¨¬

2 sin
(
x + π

4

)− 2 sin
(
y + π

6

)
= 4.

�â® à ¢¥­áâ¢® à ¢­®á¨«ì­® sin
(
x + π

4

)
= 1 ¨ sin

(
y + π

6

)
= −1. �«¥¤®¢ â¥«ì­®,

x = π
4 + 2πk ¨ y = −2π

3 + 2πs, k, s ∈ Z. �®¤áâ ¢«ïï ¯®«ãç¥­­ë¥ §­ ç¥­¨ï x ¨ y

¢ ¨áå®¤­ãî á¨áâ¥¬ã, ¯®«ãç ¥¬ 1 + 3
2 = 5

2 ¨ −1
2 − 1 = −3

2 , â. ¥. íâ® à¥è¥­¨ï.
6. � âà ¯¥æ¨î ABCD ¬®¦­® ¢¯¨á âì ®ªàã¦­®áâì. �«¨­ë ¥ñ ¡®ª®¢ëå áâ®à®­

BC ¨ AD à ¢­ë á®®â¢¥âáâ¢¥­­® 12 ¨ 20,   ¤«¨­  ®á­®¢ ­¨ï CD ¬¥­ìè¥ ¤«¨­ë
AB. �à¥¤­ïï «¨­¨ï âà ¯¥æ¨¨ ¤¥«¨â ¥ñ ­  ¤¢¥ ç áâ¨, ®â­®è¥­¨¥ ¯«®é ¤¥© ª®-
â®àëå à ¢­® 5

11 . � ©¤¨â¥ ¤«¨­ë ®á­®¢ ­¨© âà ¯¥æ¨¨ ¨ à ¤¨ãá ¢¯¨á ­­®© ¢ ­¥ñ
®ªàã¦­®áâ¨.

�â¢¥â: CD = 4, AB = 28, R = 4
√

14
3 .

�¥è¥­¨¥: �ãáâì M, K, N,E | â®çª¨ ª á ­¨ï ¢¯¨á ­­®© ¢ âà ¯¥æ¨î ®ªàã¦-
­®áâ¨ á® áâ®à®­ ¬¨ BC, CD, AD ¨ AB á®®â¢¥âáâ¢¥­­®. �ãáâì P | á¥à¥¤¨­ 
BC, Q | á¥à¥¤¨­  AD, â ª çâ® PQ | áà¥¤­ïï «¨­¨ï âà ¯¥æ¨¨. �ãáâì F ¨
T | ¯à®¥ªæ¨¨ â®ç¥ª C ¨ D ­  AB. �ãáâì R | à ¤¨ãá ¢¯¨á ­­®© ¢ âà ¯¥æ¨î
®ªàã¦­®áâ¨, h | ¢ëá®â  âà ¯¥æ¨¨. �®£¤  h = 2R. �¡®§­ ç¨¬ CM = CK = x,
DN = DK = y. �®£¤  BM = BE = 12 − x, AN = AE = 20 − y, CD = x + y,
AB = AE + BE = 32 − (x + y), PQ = AB+CD

2 = 16, BF = BE − FE = 12 − 2x,
AT = AE−TE = 20−2y. �ãáâì S1 ¨ S2 | ¯«®é ¤¨ âà ¯¥æ¨© PCDQ ¨ BPQA.
�®£¤  S1 = R

2 (CD + PQ) = R
2 (16 + x + y), S2 = R

2 (PQ + AB) = R
2 (48 − x − y).

�® ãá«®¢¨î, S1

S2
= 5

11 = 16+x+y
48−(x+y) , ®âªã¤  x + y = 4. �®£¤  ®á­®¢ ­¨ï âà ¯¥æ¨¨

AB = 32−(x+y) = 28 ¨ CD = x+y = 4. � ª ª ª CF 2 = h2 = BC2−BF 2 = 144−
−(12−2x)2 = 4(12x−x2) ¨ DT 2 = h2 = AD2−AT 2 = 400−(20−2y)2 = 4(20y−y2),
â® 12x− x2 = 20y − y2. �®áª®«ìªã x = 4− y, â® 12(4− y)− (4− y)2 = 20y − y2,
®âªã¤  y = 4

3 , x = 8
3 , ¨ R =

√
20y − y2 = 4

√
14

3 .
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